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Abstract

A mathematical model has been developed for the studying
of pulsatile flow of blood through a stenosed artery with periodic
body acceleration. Herschel— Bulkley fluid has been taken to represent
the non-Newtonian character of blood. Perturbation method is used
to solve the resulting system of non-linear partial differential equation
with appropriate boundary condition to analyze the flow. Analytical
expressions are obtained for axial velocity, volumetric flow rate and
wall shear stress. Their variations with different flow parameters
are plotted in figures. [thas been observed that the axial velocity increases
as body acceleration increases but the volumetric flow rate
increases with the increase of body acceleration with time.~
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I. Introduction

One of the most serious consequences
of the stenosis in the arteries is the increased
resistance and the associated reduction of the
blood flow to the particular vascular bad supplied
by the artery. Due to the presence of stenosis
in an artery, normal flow of blood is disturbed
appreciably. It is important to analyze the effect
of periodic body acceleration on different part
of body. Prolonged exposure ofa healthy human

body to external acceleration may cause serious
health problem like headache, loss of vision,
abdominal pain, and increase pulse rate. Due to
physiological importance of body acceleration,
many researchers have been proposed for
blood flow with body acceleration. Agarwal
and varshney?' considered MHD pulsatile flow
of couple stress fluid through an inclined
circular tube with periodic body acceleration.
Biswasand Chakraborty?” considered pulsatile
blood flow through through a catheterized artery
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with an axially non symmetrical stenosis.
Biswas and Laskar® investigated study flow
of blood through a stenosed artery: A non-
Newtonian fluid model. Chaturani and
Palanisami® investigated pulsatile flow of
power law fluid model for blood flow under
periodic body acceleration. Chaturani and
Palanisamy’ considered pulsatile flow of blood
with periodic body acceleration. Chaturani and
Samy studied pulsatile flow of Casson’s fluid
through stenosed arteries with applications to
blood flow. Chien* discussed hemorheology in
clinical medicine, Recent Advances in Cardio-
vascular Diseases. El-Shehed!' considered
pulsatile flow of blood through a stenosed porous
medium under periodic body acceleration.
Elshehawey er.al.’ discussed pulsatile flow of
blood through a porous medium under periodic
body acceleration, Mandal er.al.'® considered
effect of body acceleration on unsteady
pulsatile flow of non-Newtonian fluid through
a stenosed artery. Maruthi Prasad and
Radhakrishnamacharya'® studied effect of
multiple stenoses on Herschel-Bulkley fluid
through a tube with non-uniform cross-section.
Maruthi Prasad and Radhakrishnamacharya'”
studied flow of Herschel-Bulkley fluid through
an inclined tube of non-uniform cross-section
with multiple stenoses. Merrill ez.al.! considered
pressure flow relations of human blood in
hollow fibre at low shear rates. Nagarani and
Sarojamma'® studied effect of body acceleration
on pulsatile flow of Casson fluid through a mild
stenosed artery. Sankar and Hemalatha'?
investigated pulsatile flow of Herschel-Bulkey
flufl through stenosed arteries a mathematical
model. Sarojamma and Nagarani'® considered
pulsatile flow of Casson fluid in 2 homogeneous
porous medium subject to external acceleration.
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Shukla er.al.” investigated effects of stenosis
on non-Newtonian flow through an artery with
mild stenosis. Siddiqui and Mishra'* studied a
study of modified Casson’s fluid in modeled
normal and stenotic capillary—tissue diffusion
phenomena.Siddiqui et.al."” considered
Mathematical modelling of pulsatile flow of
Casson’s fluid in arterial stenosis. Tu and
Deville® discussed pulsatile flow of non-
Newtonian fluids through arterial stenoses.
Vajravelu et.al.'? investigated peristaltic
transport of a Herschel-Bulkley fluid in an
inclined tube. Young® discussed effect of time
dependent steonosis on flow through a tube.

In the present investigation an effect
has been made to the pulsatile flow of Hershel-
Bulkley fluid with stenoses artery with body
acceleration subject to a slip velocity condition
at the constricted wall. Analytical expressions
for axial velocity and volumetic flow rate have
been derived and the effects of various
parameters on these flow variables have been
studied.

Figure:1 Flow geometry and coordinates
system

Il. Mathematical Formulation :

It is assumed that the stenoses is
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developed in an axially-symmetric manner. The
radius of the artery, R(z) inthe stenotic region
can be taken as (Young, 1968)

‘fﬁ—ifi-kwsz—?r(-—d—&] d<-<d +1
R(;):l "l EAE 2 bl < A

Ry, otherwise

(1)
Where R and R(Z) represent the radii of
the uniform and constricted regions, L o Is the

length of the stenosisand O is the maximum

height of the stenosis, 7 and z are the radial
and axial cc-ordinates.

The pressure gradient and body acceleration
are given by:

0
__£=AG + 4, cos(a)pf), (2)
Z

G(t) = a,cos(a,t + @) (3)

Where 4 and A, are pressure gradient of
steady flow and amplitude of oscillatory part

respectively, @, is the amplitude of body
acceleration, ®,= 27rfp._ 0, = 2;:/;
with fp is the pulse frequency and f; is body

acceleration frequency, ¢ is the phase angle

of body acceleration P is the pressure
gradient and 7 is time.

111, Flow Analysis :
Unsteady laminar flow of blood a red

cell suspension through a straight rigid tube of
circular cross section, with the formulation of

a stenosis at the inner most vessel wall is
considered. Flowing fluid blood which is
incompressible has been assumed to behave
like a Herschel- Bulkely fluid.

The governing equation of motion for
laminar and incompressible, fully-developed,
one-dimensional flow of blood are given by

ou op 0
——— +G(t
ot oz ror (N) @ @
ou _ 1 0 -
p== Ay + 4 cos(w 1) + :5(37)
+a, cos(w,t + ¢) (5)
ap
e GRS
or (6)

Where r and z denotes the radial and axial
coordinates respectively and £ denotes density,

u axial velocity of blood, and 7 is the share
stress.

The constitutive equation for Herschel-
Bulkley fluid may be written as (Sankar and
Hamalatha, 2006)

] ; -
611_ —(T‘_T”) s IfZ'ZTH
o 14 _ (7)
0, ifr<t,

Where 3 stands for the axial velocity of blood
and 7, (> () is the yield shear stress, n is

the power law index, M, is the coefficient
of viscosity for Herschel-Bulkley fluid.

The boundary conditions are:
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D u=u at  r=R(z) (8)
(1i) 7T is finite at p- — 0 (9)
Where u_is the axial slip velocity.

[ntroducing the non-dimensional variables;

u - z B
= Z=—, I'=w [,
AR5 1 4, R, !
3’:_‘15 R,
R, 4R, /2
= . i mo R(Z)
o e TR (4)‘—__*s
4R, 2 R,
i B =2

J[i—'] -

The non-dimensional momentum equation (4)
becomes after dropping bars as

= ZG:EO_ _( 2
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a —=4({1+ecost)+4Bcos(an +§)+ = T
cr ( ) ( 2 r@r( )

(1)
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Wherea” = —Lf—— a is Womersley frequency
Hip

parameter.
Equation (7) can be written as

n_(1ou) |
(T—TH) :('_“O—u frzz, (12)

20r )
%, .
gf-:O if £y (13)
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The boundary conditions (equations 8 and 9)

reduce to
() u=u_ at r=R(z) (14)

(i) T is finite at =0 (15)
The geometry of the stenosis in non-dimensional
form is given by

L a A g
R(z)= 1 Z(Hc.os L (z d 2” d<z<d +1,,
I: otherwise
(16)
V. Method of Solution :

On using perturbation method, the
velocity u and shear stress 7, plug core

velocity U, plug core radius RP are expanded

as follows in terms of g2 (where 2 <<1)
wz,r,t) =u,(z,r, )+ a'zu, (z,r0)+......., (17)
WzrD)=1(z.r.0+ &1 (2,0 ) + ... (18)
u(z,r)=u,, (z,r.0)+ @, (z,r,0) + coneen(19)

R(zr)=R, (zr,) + &R (z.r.t) + v 20)

1ph
Substituting (17) and (1 8) in equation (11) and

equating the constant term and 7 term we
get

-~

—;;(rrg)z —2r{(l+ecosr)+ Beos(wr +¢)} (21)
Oou, 20
a rar) @)

Integrate equation (21) and using boundary
condition (15)

r(,:—f(t)r

Where f(r)=1+ecosz + Bcos(ar +¢)

(23)
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Substituting (17) and (18) in (12)

ou ,,_

a&=27@ Y% —nty, ) (24)
—%-—2?17 r(r (n-—l)r) 25)
o o O\7% H (

Integrating equation (24) using the relation (23)
and the boundary condition (15) we obtain

uy =1, + A4 (R™ =" )+ 4, (R" = ") (26)

_ 20" )

Where 4
n+l

» A =210y,

The plug core velocity U, can be obtained

from equation (26) as
i = u, + A] (R?H—l R‘J;:H)_i_ A, (Rn - R:p) (27)
Neglecting the terms of O (2 ) and higher

U

23
obtained from (23) as
_Tn
0 =
Using equation (22) we get the solution for
7, as,

7, =ag—ar™ —ar™ (29)
Where
) ) RrHI.
= (=1 £ () ), =2t
a=(=1) (OF(t) 20t ])
O a1, ==L J DR
(n+1)(n+3)’ 1 2 :
n—-1l)a, t, f(t
5:( ) I 'r{‘f( ),, a(‘=a1+a4
(n+2) -

Similarly using equations (25) and (29) we can

powers of ¢ in equation (20) Rﬂp can be obtain the solution for u, as
a n G 2 2n+
ul = 0 (RHH_ r +l) (R2 +2 2n+ ) (R2n+1 1 )
n+1 2n+ 2 2n+1
a a
+£(Rn_rn)+i(R2n_r2n) (30)
n 2n
Ay el R a 2na2 2 a 2 2n+
ulp = 9 (Rn I +£ )+ (R —R§;+ )+ 15 (R-JHI_ ;p I)
n+1 2n+2 2n+1
a n
+—Z(R"- )+ (R"”—RU ) (31)
n
Where
= X -2 2
ay ==2n(=1)" "), ==2n(-1)"" f"*()(n-Dz,,
Qay = a,dg, Gy = —a,a;, a, =—a,ds,
a)y = dgly, Q13 = —4gdy, a, = —agds, (32)

a5 =a +ag;
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Using equations (17) and (18) the total velocity distribution and shear stress can be written as

=, + A (R =) 1 (R )

2 aq n+l n+l 2n+3 ’n+2
+a | ——(R"™ =" 4 R
[n+1( ) 2n+2( )
(33)
4 5 (RZM—I 2n+|)+ 12 Rn )+ 14 (Rzn En)
2n+1
,=u + A (R™ = RI) + 4, (R" —R7.)
2 a ., =
+a.. L] R!l+| Ru+1 R..n— 2n+2
I:n+1( )+ 2n + ( fa,™)
(34)
]-\ (R 2n+l R[}.n+1)+ a]" (R " Rﬂ )+ |4 (R.,n R n)
2}?+1 £
2
T =(T“ +-k 7, )r——-R
(35?

-f(t)R+a’ {aﬁr =a@™ — g™ }

The second approximation plug core radius Rlp can be obtained by neglecting terms of

O (g*) and higher powers of ¢ in equation (20) as

R ’:3: a”
T
With the help of equations (20), (28) and (35), RP can be given by
T Q’z
=3 H n+l n+2 y
Rp——-—+—(aﬁRﬂp*asR0p —a3R0p ) r:y)

f) f@)
The volumetric flow rate Q is given by

0= [""2zrutz,r1)dr
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2 n+3 n n+2 2 ne3 a,
=aRu +21 AR ———+ AR ——+a {R""——+
o : 4 2(n+3) 4 2(n+2) { 2(n+3)
R2J;+4 alo 2n+3 a|5 n+2 aiz 2n+2 a|4 (3 8}
2(2n+4) 2(2n+3) 2(n+2) 2(2n+2)
V. Result and Discussion 6
g P

The velocity profile for the pulsatile
flow of Herschel — Bulkley fluid with stenoses
artery with periodic body acceleration is
computed by using (33) for different values of
parameter e, body acceleration parameter B,
time , yield stress 7, have been shown through
figures 2- 5. Figure - 2 shows that the variation
of velocity profile for different values of
parameter e. It can be noted here that as the
parameter e increases, the velocity profile
increases. In the presence of body acceleration,
velocity increases rapidly. As the body acceleration
increases, the plug region shrinks and hence
more flow takes place (figure 3). It can easily be
seen from figures 4, an increase in the time t,
decrease in the velocity profile, It can be noted
here that as the parameter 7, increases the

velocity profile decreases (figure 5). the
variation of the volumetric flow rate with time
for different values of e, body acceleration B,

phase angle of body acceleration gﬁ have been

shown through figures 7- 8. Figure 7 shows
that at all instants of time, the volumetric flow
rate increases with the increase of parameter e.

It can be noted here that the volumetric
flow rate increases with increase of body
acceleration B, (Figure 7) and increases of
phase angle of body acceleration, the volumetric
flow rate is also increases (figure §).

(-]

Fig. 2. Variation of axial velocity with radial
distance r for
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Fig. 3. Variation of axial velocity with radial
distance r for

7,=0.1e=20=,¢=02,a=0.1u =0.09
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distance r for
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Fig. 5. Variation of axial velocity with radial
distance r for

e=2,B=1, w=1,¢=02,a=0.1,u, =0.09
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Fig. 6. Variation of Volumetric flow rate Q
with time for t for

7,=01B=lLa=02,0=1.¢=02,u =0.09
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Fig. 7. Variation of Volumetric flow rate Q
with time for t for
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Fig. 7. Variation of Volumetric flow rate Q
with time for t for
Ty =01e=2 =1 B=1L a=01u =0.09

Vi. Conclusion

The present study deals with a theoretical
investigation of the characteristics of the
pulsatile flow of blood through with stenoses
artery with periodic body acceleration. Blood is
represented by Herschel — Bulkley fluid model.
Using appropriate boundary conditions,
analytical expressions for the velocity profile
and volumetric flow rate have been obtained.
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It is clear from the above result and discussions
that the body acceleration effects largely on
the axial velocity of blood flow.

A proper understanding of interactions
of body acceleration with blood flow could be
useful in the diagnosis and therapeutic
treatment of some health problems (joint pain,
vision loss and vascular disorder) to better
design of protective pads and machines.

Hence from all the above discussions
we can conclude that a careful choice of the
values of the parameters of body acceleration,
yield stress will affect the flow characteristics
and hence can be utilised for medical and
engineering applications.
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