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Abstract

Fermat’s Little Theorem states that if p is a prime number and a is an integer then ܽ݌  is congruent to a
modulo p . This result is of huge importance in elementary and algebraic number theory. This theorem has many
interesting and sometimes unexpected proofs. One modern proof is based upon Euler’s phi  function and Euler’s
theorem.
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Introduction

Fermat’s Little Theorem states that if p is a prime number and a is an integer then  ܽ݌   is congruent to
a modulo p.This result is of huge importance in elementary and algebraic number theory. This theorem has many
interesting and sometimes unexpected proofs. One modern proof is based upon Euler’s phi  function and Euler’s
theorem.

Prime number: A positive integer p>1 is said to be a  prime number if its only divisors are  ±1  or  ±p.
Relatively Prime: Two positive integers a and b are said to be relatively prime if their greatest common

divisor is 1.

Euler’s   function:
Let n be a positive integer. If n=1, then  (n)=1.

If n1, then (n) is the number of positive integers  less than n and relatively prime to n.

Group:  A  non-empty set of elements  G is said  to be a group  if in G  there is defined a  binary operation
o  such  that the following  properties  are satisfied:

i. a, b  G => a o b  G (Closure Property)
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ii. a, b, c  G => a o (b o c) = (a o b) o c (Associative Property)
iii. There exists an element e in G such that a o e =e o a =a for all a  G.
(Existence  of identity element  in  G)
iv. For every  a in G there exists an element  b in G such that  a o b = b o a = e.
(Existence of  identity  element  in G)

Congruence modulo relation:  Let a and b be any two integers. Let n be a fixed positive integer. a is
said to be congruent  to b modulo n if n divides (a-b). It  is  denoted  by  a ≡ b mod n.

It can be proved that  if G is the set of positive integers  less than n and relatively prime to n, then G is
a group under  the binary operation multiplication modulo n and o(G)= (n).

Theorem-1 ( Euler’s Theorem ) If n is a positive integer and a is relatively prime to n , then ܽ ф(n) ≡  1
mod n.
Proof:  case-I :  when     a  <  n.
Then a is a positive integer  less  than n and relatively prime  to  n. Then a  G .
Hence   ܽ1=  (ܩ)݋.

 ܽф(n) =1.
  ܽф(n) -1=0.

 n  / ܽф(n)  -1.

 ܽф(n) ≡ 1 mod n. ( as  n/0 )

case-II :  when  a  > n .
By  Division Algorithm, there exists integers  q and  r  such that a = q n + r  where  0 < r < n .

 a – r =  q n .
 n  /  (a – r ) .

 n  /  (ܽф(n)    -  ݎф(n)) .

 ܽф(n)  ≡  ݎф(n)   mod n .
Now,  r is a positive   integer  less  than n and relatively  prime  to  n .

Then  r  G .

 . 1 =  (ܩ)݋ݎ
 . ф(n) = 1ݎ
 . ф(n) – 1 = 0ݎ
 n / (ݎф(n) – 1 ) .

 .ф(n) ≡ 1 mod nݎ
Then by  transitive ,  ܽф(n)  ≡  1 mod n.

By  the use of  Euler’s  Theorem, the famous  Fermat’s  Theorem can  be  proved  as follows:

Theorem-2  ( Fermat’s  Theorem ) If p is a prime number and a is any integer, then ܽ݌    ≡   a  mod p .
Proof  :  Since p is a prime number, so  (p)  =  p  - 1 .
Case -1  :  when  a  is relatively  prime to p .
Now  ,  p is  a positive integer  and a is relatively  prime to p .
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 ܽф(p) ≡  1 mod p . ( By Euler’s Theorem )
 .mod p 1 ≡ 1−݌ܽ
 p / (ܽ1  - 1−݌ ) .
 p / a (ܽ1  - 1−݌ ) .
 p / (ܽ݌  -  a ) .
 . a  mod p  ≡ ݌ܽ

Case-2  :  when  a is not  relatively  prime to  p .

Since   p  is prime, so p / a .
 p / a (ܽ1  - 1−݌ ) .
 p / (ܽ݌  -  a ) .
 ݌ܽ  ≡  a  mod p .
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