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Abstract

Fermat’s Little Theorem states that if p is a prime number and a is an integer then a” is congruenttoa
modulo p . This result is of huge importance in elementary and algebraic number theory. This theorem has many
interesting and sometimes unexpected proofs. One modern proof is based upon Euler’s phi function and Euler’s
theorem.
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Introduction

Fermat’s Little Theorem states that i p is a prime number and a is an integer then aP is congruent to
amodulo p.This result is of huge importance in elementary and algebraic number theory. This theorem has many
interesting and sometimes unexpected proofs. One modern proof is based upon Euler’s phi function and Euler’s
theorem.

Prime number: A positive integer p>1 is said tobe a prime number ifits onlydivisors are +1 or p.

Relatively Prime: Two positive integers a and b are said to be relatively prime if their greatest common
divisor is 1.

Euler’s ¢ function:
Let n be a positive integer. If n=1, then ¢(n)=1.

If n=1, then ¢(n) is the number of positive integers less than n and relatively prime to n.

Group: A non-empty set of elements Gissaid tobeagroup ifin G there is defined a binary operation
0 such that the following properties are satisfied:
i. a,beG=>a0beG (Closure Property)
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i. a,bceG=>ao(boc)=(aob)oc (Associative Property)

ii. Thereexistsanelementein Gsuchthataoe=eoa=aforallaeG.
(Existence of identity element in G)

iv. For every ain G there exists an element bin Gsuchthat aob=boa=e.
(Existence of identity element in G)

Congruence modulo relation: Let a and b be any two integers. Let n be a fixed positive integer. a is
said to be congruent to b modulo n if n divides (a-b). It is denoted by a =bmod n.

It can be proved that if G is the set of positive integers less than n and relatively prime ton, then G is
agroup under the binary operation multiplication modulo n and o(G)= ¢(n).

Theorem-1 ( Euler’s Theorem ) If n is a positive integer and a is relatively primeton , then a®™ =1
mod n.
Proof: case-1: when a < n.
Then ais a positive integer less than n and relativelyprime to n. Thena e G.

Hence q°(©) =1.
= a‘b(”):l,
= a®M.1=,
= n/a®®™ .
> a®™=1modn. (as n/0)
case-11: when a >n.
By Division Algorithm, there exists integers gand r suchthata=qn+r where 0<r<n.

= a-r=qn.
= n/(a-r).

= n/ @™ o)
> a®™ 2z oM mogn,
Now, risapaodtive integer less thannandrdativey prime to n.

ThenreG.
2 ro@ =1,
> réM=q,

> réM_1=90.
= n/(r®M-1).
= %™ =1modn.
Then by transitive, a®™ = 1 modn.

By the use of Euler’s Theorem, the famous Fermat’s Theorem can be proved as follows:

Theorem-2 ( Fermat’s Theorem ) If p isa prime number and aisany integer, then a? = a modp .
Proof : Sincepisaprimenumber,so ¢(p) = p -1.

Case-1 : when a isrelatively primetop.

Now , pis apositive integer and a isrelatively primetop.
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a®® = 1modp. (ByEuler’s Theorem)
a?~! = 1 modp.

p/(aP71-1).

pla(aP~t-1).

p/(aP - a).

= gP=zamodp.

g4 433

Case-2 : when aisnot relatively primeto p.
Since p isprime,sop/a.

= pla(@Pt-1).

= p/(af-a).

= aP=zamodp.
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