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Abstract

In this section we consider a Quasi-Birth-and-Death Process. AQBD process is the generalization of
a birth-and-death process from a one-dimensional state space to a multidimensional state space. It can be
analyzed by using the matrix analytical method (Neuts, 1981 and Latouche, 2011).
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Introduction

M ultidimensional Markov process arise in many fields of science, engineering and business. In many

practical queuing systems multiple servers attend to the queue like in call centre, bank, restaurant etc. QBD has
played a central role in computational probability. A QBD Markov chain in two dimensional process where the
first dimension is called the level and second the phase (G. Latouche).

Consider a two-dimensional markov process {(X(t), y(t),t>,0} with state space
Q={i, j):i>0,1<j<n}.

The process {(X(t), y(t), t>, 0} is called a QBD process if the infinitesimal generator of the
process is given by

This is an open access article under the CC BY-NC-SA license (https://creativecommons.org/licenses/by-nc-sa/4.0)



Sandeep Dixit, JUSPS-B Vol. 32(3), (2020).

Ao Co
B, A
B,

17

(1)

Where all submatrices are n x n matrices A, i>,0, have negative diagonal elements and non negative

off-diagonal elements and C;, i >, 0 and B;, i > 1, are all non-negative matrices satisfying
(A, +C,)e=(B,+A +C,)e=0

State set {(0,1) o (0, n)} is said to be the boundary level; state set {(i,l), o (1, n)} is said to
be level i. In many applications, we have a special case of equation (1) where the non-boundary submatrices of

the infinitesimal generator are independent of level i 2. Thus Q is written as
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Assume that the QBD process is positive recurrent, and let (X, Y) be the limit of {X(t), Y(t)} as
t —c0. Denote the stationary probabilities by

so we present the following theorem.

Theorem 1: Theirreducible QBD process is positive recurrent if and only if the matrix equation.
R2B+RA+C=0

has the minimum nonnegative solution R, with spectral radius

equations

7y =(Ay+RB))=0
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sp (R) < 1, and a set of linear homogenous

has the positive solution, furthermore, the stationary distribution can be expressed as the matrix geometric form
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When 7, is the positive solution of the set of linear homogeneous equations and satisfies the
normalization condition

7o(1-R)Te=1

Theorem 2 : The irreducible QBD process with Q* is positive recurrent if and only if the matrix
equation (3) has the minimum nonnegative solution R, with the spectral radius sp (R) <1, and the ny + n linear
homogeneous equations below have the positive solution®.

(ﬂo, ﬂl)B[R]zo
Where B [R] is the (ny+n) x (n1 + n) matrix
A Co
B A+RB

0

1
Furthermore, the stationary distribution can be expressed as the matrix geometric form

B(R) =

r=m, R, i1
and (”0’”1) satisfies the normalization condition as

npe+m(I-R)Te=1
The stationary distribution s i >0 is called the modified matrix geometric solution. To analyze the M/M/C

queue with vacations, we encounter a more complex varient of the process; for a system with ¢ servers. Not only
thei=0level butalsoi=1,2,3,,,, C-1 level becomes boundary levels and these boundary levels contain different

numbers of states. Thus we denote the number of states at level i by ni, 0<i<c—1. The infinitesimal
generator is given by

(Ao Co
Bl A G
Bca Aca Cca
Q= B A C
B A C 4
. A (4)
matrices,

Where Ai are the mi><mi matrices 0<i<c-1; Bi are the mixmi_l

0<i< c-1;Ci are mi xmi+1 matrices, < K <C —2 Cc1 and Bc are the nc_lx N and
nx nC 1 matrices respectively; and A, B and C are all N X N square matrices. We assume that the QBD

process in positive recurrent. The stationary distribution is denoted by
L= 3 3 mun : ) < M < _
7 (ﬂll, s ﬂlnl), o<i<c-1

7 =m0 mip " i ) 1=c
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The matrix Q in equation (4) be repartitioned into the block from that is consistent with Q* as follows:

Let
Ao o
B A G
AO = )
B2 Ac2 Cco2
] Bca Aca |
B,=0.8c)  Co=|c O
C-1
Where Ay is the square matrix of order n* =Ng + nl +—+ nc_l and By and Cpare the n x n*
*

and N XN matrices, respectively. These equation (4) can be written as

Ao Co
B, A C
o- B A C
B A C

and this QBD process becomes a varient of the canonical form.

Theorem 3 : The irreducible QBD process is positive recurrent if and only if the matrix equation

RZ2B+RA+C=0

has the minimum nonnegative solution, R with the spectral radius sp (R) < 1, and the linear homogeneous
equations

(no,nl,,,,,nc_l,nC)B[R]zO (5)

has a positive solution where
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Furthermore, the stationary distribution can be expressed as the matrix geometric form
=T RI=C, i>c 7)

Where (710 nlinnnc_li RC) is the positive solution of equation (5) and satisfies the
normalization condition

c-1 1
2 me+mes (I-R)“"e=1
i=0 |

Conclusion

In the last, the relevance of matrix analytical method (MAM) in analysing the QBD process is
demonstrated taking into account the positive recurrent irreducible QBD process. The stationary distribution is
also indicated as the matrix geometric form.

Scope of future work:

The QBD model is quite general and can be used for many stochastic models in different areas of
research and work. Like production lines, Telecommunication systems, management problems etc. The QBD
process has central importance in computational probability, the knowledge of which can be further enhanced
for utilization in different fields. This area is full of prospects for further researchers.
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