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Abstract

In this paper we consider Fibonacci Inequalities and relate them through the sequence   1

n
r r

s


  defined

by 1 2 3r r n r n r n rs F F F F        where n is a fixed natural number and 1 2 3, , ,...F F F  are the ordinary Fibonacci
numbers.
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1. Introduction

Fibonacci numbers5, 8 were introduced in 1202 in Fibonacci book Liber Abaci.The Fibonacci sequence

is a source of many identities2,6. The sequence of  Fibonacci Numbers  nF  is defined by

1 2 0 1, 2, 1, 1 1.1n n nF F F n F F        (1.1)

The Binet’sformula for Fibonacci sequence is given by
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Atanassov4 consider the Fibonacci inequalities and relate them through the sequence   1

n
r r

m


  defined

by 1r r n rs F F    where n is a fixed natural number and  1 2 3, , , ...F F F  are the ordinary Fibonacci numbers.

S. Harne and B. Singh7 consider the Fibonacci inequalities and relate them through the sequenc
   1 21

n
r r r n r n rrm defined by m F F F where n is a fixed natural number and    

 
1 2 3, , , ... .F F F are the ordinary Fibonacci numbers

we consider Fibonacci Inequalities and relate them through the sequence    1

n
r rs


  defined by

 
1 2 3r r n r n r n rs F F F F        where n is a fixed natural number and  1 2 3, , , ...F F F  are the ordinary Fibonacci

numbers.

2. Inequalities among related quadruple of  Fibonacci numbers :

Theorem 2.1. For every natural number k, the following inequalities for the elements ofthe sequence

   1

n
r rs


 are valid:

For n = 4k
 

2212212414243241441 ...)(   kkkkkkkkkk FFFFFFFFFFFFi
 

2 2 2 1 2 2 1 2 4 2 3 2 2 2 1 4 1 2 3...k k k k k k k k kF F F F F F F F F F F F         

 
32221221424344144142 ...)(   kkkkkkkkkk FFFFFFFFFFFFii

 
2 1 2 2 1 2 2 2 3 2 2 2 1 2 4 1 2 3 4...k k k k k k k k kF F F F F F F F F F F F         

Theorem 2.2. For every natural number k, the following inequalities for the elements of the sequence

   1

n
r rs


 are valid :

For n = 4k+1,
 

322212121441433424141 ...)(   kkkkkkkkkk FFFFFFFFFFFFi
 

432421222422212222 ... FFFFFFFFFFFF kkkkkkkkk  

 
32221212414244241442 ...)(   kkkkkkkkkk FFFFFFFFFFFFii
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32114122232521221232 ... FFFFFFFFFFFF kkkkkkkkk  

Theorem 2.3. For every natural number k, the following inequalities for the elements of the sequence

   1

n
r r

s


 are valid :

For n = 4k+2,
 

423222122414434434241 ...)(   kkkkkkkkkk FFFFFFFFFFFFi
 

32124122124232221222 ... FFFFFFFFFFFF kkkkkkkkk  
 

423222121441443424142 ...)(   kkkkkkkkkk FFFFFFFFFFFFii
 

4321421222522212232 ... FFFFFFFFFFFF kkkkkkkkk  

Theorem 2.4. For every natural number k, the following inequalities for the elements of the sequence

   1

n
r r

s


 are valid :

For n = 4k+3,

)(i 5242321234241435444341 ...   kkkkkkkkkk FFFFFFFFFFFF
 

43224221224242322222 ... FFFFFFFFFFFF kkkkkkkkk  
 )(ii   524232122414444434242 ...   kkkkkkkkkk FFFFFFFFFFFF

 
32134122125232221232 ... FFFFFFFFFFFF kkkkkkkkk  

Theorem 2.5. For every natural number n the maximal element1, 3 of the sequence   n
rrl 1   is

 
211  nnn FFFF .

Theorem 2.6. For every natural numbern the minimal element is  1 2 3 nF F F F .

3.  Conclusion

The main results of this paper are six theorems. There are many known identities for Fibonacci numbers.
This paper extended the results of inequalities among related triplets of Fibonacci numbers. The research can
derive inequalities among related quadruple of Lucas numbers.
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