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Abstract

In this paper, we consider the concept of non compatible mapping as property (E.A.) in G-metric space
and prove some common fixed point theorems.
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1  Introduction

The Banach fixed point theorem for contraction mapping has been generalized and extended in many
directions.  Amari and Moutawakil1 in 2002 introduced a generalization of non compatible mappings as property
(E.A.) in metric spaces. Pathak et al. in 2010 used the property (E.A.) in metric spaces to prove common fixed
point results. Mustafa and Sims in 2004 introduce the concept of G-metric space. Saadati et al. in 2010 extended
the concept of w-distance in metric space to G-metric space. Chaudhary et al. in 2012 introduce the concept of
compatibility and weak compatibility of mappings in G-metric spaces.

The aim of this paper is to obtain a generalized common fixed point theorem for non compatible
mappings in G-metric space.

2 Preliminaries:
Definition : Let X be a non empty set and let G : X x X x X  R+ be a function satisfying the following:

(i) G(x, y, z) = 0 if x = y = z,
(ii) G(x, x, y) > 0, for all x, y  X, with x  y,
(iii) G(x, x, y)  G(x, y, z), for all x, y, z  X with z  y,
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(iv) G(x, y, z) = G(x, z, y) = G(y, z, x) = ...... (symmetry in all three variables),
(v) G(x, y, z)  G(x, a, a) + G(a, y, z), for all x, y, z, a  X (rectangle inequality),

then the function is called a generalized metric i.e. G-metric on X and the pair (X, G) is a    G-metric space.

Definition  : Let (X, G) be a G-metric space and {xn} be a sequence of points in X. Then {xn} is
G-convergent to x if limn G(x, n, xm) = 0, i. e., for each  > 0 there exists a positive integer N such that G(x, xn,
xm) <  for all m, n  N. We call that x is the limit of sequence and we write xn  x or limn xn = x.

Definition : Let (X, G) be a G-metric space. A sequence {xn} is said to be a G-cauchy sequence for each
 > 0 there exist a positive integer N such that G(xn, xm, xl) <  for all l, m, n  N.

Definition : A G-metric space (X, G) is called a symmetric G-metric space if G(x, y, y) = G(y, x, x) for all x,
y  X.

Definition  : Let f and g be two self mappings on a metric space (X, d). The mappings f and g are said
to be compatible if limn d(fgxn, gfxn) = 0, whenever {xn} is a sequence in X such that limn fxn = limn

gxn = z for some z  X.

Definition : Let (X, G) be a G-metric space and T : X  X be a self mapping on (X, G). Then T is said
to be a contraction if

G(Tx, Ty, Tz)  α G(x, y, z), for all x, y, z  X where 0  α < 1.

Definition : Let f and g be two self mappings on a G-metric space (X, G). The mappings f and g are said
to be compatible if limn G(fgxn, gfxn, gfxn) = 0, whenever {xn} is a sequence in X such that limn fxn = limn

gxn = z for some z  X.

Definition : Two mappings f and g are said to be weakly compatible if they commute at coincident
points.

Definition : Let f and g be two self mappings on a metric space (X, d). The pair (f, g) is said to satisfy
property (E. A.) if there exists a sequence {xn} in X such that limn fxn = limn gxn = z for some z  X.

3 Main Theorem :
Theorem : Let (X, G) be a complete G-metric space and f, g be two self mappings on (X, G) satisfies the

following conditions:
i. f and g satisfy property (E.A.),                                                           (3.1)
ii. g(x) is closed subspace of X,                                                                (3.2)
iii. G(fx, fy, fz)αG(fx, gy, gz) + βG(gx, fy, gz) + γG(gx, gy, fz) + δG(fx, fy, gz) +  ζG(  fx, gy, fz)  (3.3)

for every x, y, z  X and α, β, γ, δ, ζ  0 with 0  α + 3β + 3γ + 3δ + 3ζ < 1. Then f and g have a unique common fixed
point in X provided f and g are weakly compatible self maps.

Proof : Since f and g satisy property (E. A.), therefore, there exists a sequence {xn} in X such that
limn fxn = limn gxn = u  X. Since g(X) is a closed subspace of X, so every convergent sequence of points
of g(X) has a limit point in g(X). Thus limn fxn = limn gxn = uuga for some a  X. This shows that u = ga
 X.

From (3.3), we have

G(fa, fxn, fxn)αG(fa, gxn, gxn) + βG(ga, fxn, gxn) + γG(ga, gxn, fxn) + δG(fa, fxn, gxn) + ζG(fa, gxn, fxn)

Letting n =  and using 0  α + 3β + 3γ + 3δ + 3ζ < 1, we have u = fa. Thus u = fa = ga i. e. a is the coincidence
point of f and g.
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Since f and g are weakly compatible, therefore fu = gu = fga = gfa.
Again from (3.3)
G(fu, fa, fa) αG(fu, ga, ga) + βG(gu, fa, ga) + γG(gu, ga, fa) + δG(fu, fa, ga) + ζG(fu, ga, fa)
It implies that fu = u. Hence fu = gu = u i. e. u is common fixed point of f and g.
For uniqueness, we consider that v  u be another common fixed point of f and g.
From (3.3), we have
G(u, v, v) = G(fu, fv, fv)
                αG(fu, gv, gv) + βG(gu, fv, gv) + γG(gu, gv, fv) + δG(fu, fv, gv) + ζG(fu, gv, fv)
α + β + γ + δ + ζ)G(u, v, v)
<G(u, v, v)
A contradiction, thus u = v. Hence the theorem.

References :

1. M. Aamri and D-EL Moutawakil : Some new common fixed point theorems under strict contractie conditions,
Jour. Math. Anal. Appl., 270, 181-188 (2002).

2. M. Abbas and B. E. Rhoades : Common fixed point results for non commuting mappings without continuity
in generalized metric spaces, Appl. Math. Comput., 2009, doi:10.1016/j.amc.2009.04.085.

3. W. Shatanawi : Some fixed point theorems in oedered G-metric spaces and applications, Abst. Appl. Anal.,
I.D. 126205 (2011).

4. S. Sessa : On a weak commutativity conditions of mappings in fixed point considerations, Publ. Inst. Math.
Beograd., 32(46),  146-153 (1982).

5. Hassen Aydi W. Shatanawi and Calogero Vetro : On generalized weakly G-contraction mapping in G-metric
spaces, Comp. Math. Appl., 62, 4222-4229 (2011).

6. B. S. Chaudhary and P. Maity : Coupled fixed point results in generalized metric spaces, Math. Comput.
Mod., 54, 73-79 (2011).

7. H. K. Pathak, Rosana Rodriguez-Lopez and R. K. Verma, A common fixed point theorem using implicit
relation and E.A. property in metric spaces, Filomat, 21, 211-234 (2007).

8. R. Saadati, S. M. Vaezpour, P. Vetro and B. E. Rhoadas : Fixed point theorems in generalized partially ordered
G-metric spaces, Math. Comput. Mode., 52,  797-801 (2010).

9. G. Jungck : Commuting mappings and fixed point, Amer. Math. Monthly, 83, 261-263 (1976).
10. G. Jungck : Compatible mappings and common fixed points, Int. Jour. Math. Math. Sci., 9, 771-779 (1986).
11. R. P. Pant : Common fixed points under strict contractive conditions, Jour. Math. Anal. Appl., 248, 327-332

(2000).
12. V. Pant : Contractive conditions and common fixed points, Acta Math. Acad. Paed. Nyir., 24, 257-266 (2008).
13. G. Jungck, Common fixed points for non continuous non self mappings on non metric spaces, Far East J.

Math. Sci., 4, 199-212 (1996).
14 O. Kada, T. Sujuki and W. Takahashi : Non convex minimization theorems and fixed point theorems in

complete metric spaces, Math. Japan, 44, 381-391 (1996).
15. R. P. Pant : Common fixed points of contractive mappings, J. Math. Anal. Appl., 226, 251-258 (1998).
16. R. P. Pant : R-weakly commutativity and common fixed points, Soochow J. Math., 25, 37-42 (1999).



17. Z. Mustafa, H. Obiedat and F. Awawdeh : Some fixed point theorem for mappings on  complete G-metric
spaces, Fixed point theory and applications, 2008, ID 189870, doi:10.1155/2008/189870.

18. Z. Mustafa and B. Sims : Some remarks concerning D-metric spaces, Proc. Inter. Conf. On fixed point theory
and applications, Yokohama, Japan, (2004).

19. Z. Mustafa and B. Sims : A new approach to generalized metric spaces, Jour. Nonlin. Con. Anal., 7, 289-297
(2006).

20. H. Aydi, D. Rakic, A. Aghajani, T. Dosenovic, MSM Noorani, H. Qawaqneh : On fixed point results in Gb-
metric spaces, Mathematics, 7, 617, (2019).

21. Youssef Errai, E. M. Marhrani, M. Aamri : Some remarks on fixed point theorems for interpolative Kannan
Contraction, Journal of Function Spaces, 1-7 (2020).

22. M. Asim, M. Imdad, S. Radenovic : Fixed point results in extended rectangular b-metric spaces with an
application, UPB Sci. Bull. Ser. A, 20, 43-50 (2019).

23. Mustafa Aslantas, Hakan Sahin, D. Turkoglu : Some Caristi type Fixed Point Theorems, Jour. of Anal.,
29(1), 89-103 (2021).

22 JUSPS Vol. 33(4)B, (2021).


