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Abstract

In this paper, we consider the concept of non compatible mapping as property (E.A.) in G-metric space
and prove some common fixed point theorems.
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1 Introduction

The Banach fixed point theorem for contraction mapping has been generalized and extended in many

directions. Amari and Moutawakil® in 2002 introduced a generalization of non compatible mappings as property
(E.A.) in metric spaces. Pathak et al. in 2010 used the property (E.A.) in metric spaces to prove common fixed
point results. Mustafa and Sims in 2004 introduce the concept of G-metric space. Saadati et al. in 2010 extended
the concept of w-distance in metric space to G-metric space. Chaudhary et al. in 2012 introduce the concept of
compatibility and weak compatibility of mappings in G-metric spaces.

The aim of this paper is to obtain a generalized common fixed point theorem for non compatible
mappings in G-metric space.

2 Preliminaries:
Definition : Let X be anon empty setand let G : X x X x X — R* be a function satisfying the following:
() G(x,y,2)=0ifx=y=z,
(i) G(x,%,y)>0,forall x,y e X, with x=y,
(i) G(x, X, ¥)<G(x,Y, 2), forall x,y,z e Xwithz=zy,
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(iv) G(x,¥,2) =G(X,2,¥) =G(Y, Z,X) =....... (symmetry in all three variables),
(V) G(x,Y,2)<G(x, a,a)+G(a Y 2), forall x,y, z, a € X (rectangle inequality),
then the function is called a generalized metric i.e. G-metric on X and the pair (X, G) isa G-metric space.

Definition : Let (X, G) be a G-metric space and {xn} be a sequence of points in X. Then {Xx} is
G-convergent to X if limn—w G(X, n, Xm) = 0, i. €., for each € >0 there exists a positive integer N such that G(X, Xn,
Xm) < € for all m, n > N. We call that x is the limit of sequence and we write X, — X or liMp_e Xn = X.

Definition : Let (X, G) be a G-metric space. A sequence {xn} is said to be a G-cauchy sequence for each
€ > 0 there exist a positive integer N such that G(Xn, Xm, X|) < € for all I, m,n>N.

Definition : A G-metricspace (X, G) is called a symmetric G-metric space if G(X, Y, ) = G(Y, X, X) for all x,
ye X

Definition : Let fand g be two self mappings on a metric space (X, d). The mappings fand g are said
to be compatible if limn. d(fgxn, gfxn) = 0, whenever {xn} is a sequence in X such that limn—. fXn = liMnoe
gxn=2zforsomez e X.

Definition : Let (X, G) be a G-metric space and T : X — X be a self mapping on (X, G). Then T is said
to be a contraction if

G(Tx, Ty, Tz) <a G(x, Y, z), for all X, y, z € Xwhere0<a < 1.

Definition : Let f and g be two self mappings on a G-metric space (X, G). The mappings fand g are said
to be compatible if limn_. G(fgxn, gfxn, gfxn) = 0, whenever {x»} is a sequence in X such that limn_. fXn = liMn—e
gxn=2zforsomez e X.

Definition : Two mappings fand g are said to be weakly compatible if they commute at coincident
points.

Definition : Let f and g be two self mappings on a metric space (X, d). The pair (f, g) is said to satisfy
property (E. A.) if there exists a sequence {xn} in X such that limn_. fXn = limn_. gXn = z for some z € X.

3 Main Theorem :
Theorem : Let (X, G) be a complete G-metric space and f, g be two self mappings on (X, G) satisfies the
following conditions:

i. fand g satisfy property (E.A.), (3.1)
i. g(x) is closed subspace of X, (3.2)
iii. G(fx, fy fz) < aG(fx, gy, 92) + BG(gx, Ty, 92) +vG(gx, gy, fz) + 3G(fx, fy, 9z) + CG( X, gy, fz) (3.3)

foreveryx,y, z € Xand a, B,7y,d,{=>0with0<a+ 3B+ 3y+ 35 +3{< 1. Then fand g have a unique common fixed
pointin X provided fand g are weakly compatible self maps.

Proof : Since f and g satisy property (E. A.), therefore, there exists a sequence {xn} in X such that
limnse TXn = limnse X = U € X, Since g(X) is a closed subspace of X, so every convergent sequence of points

of g(X) has a limit point in g(X). Thus limn_ fXn = lima_. gXn = uuga for some a € X. This shows that u = ga
eX.

From (3.3), we have
G(fa, fxn fxn) < aG(fa, gXn, g%n) + BG(ga, X, gXn) +vG(ga, gXn, fXn) + 3G(fa, fXn, gXn) + EG(fa, gXn, fXn)

Lettingn =candusing 0<a +3B+3y+35+3(<1,wehaveu="fa. Thusu="fa=gai.e.aisthecoincidence
point of fand g.
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Since fand g are weakly compatible, therefore fu = gu = fga = gfa.
Again from (3.3)
G(fu, fa, fa) < aG(fu, ga, ga) + pG(gu, fa, ga) + yG(gu, ga, fa) + dG(fu, fa, ga) + (G(fu, ga, fa)
It implies that fu = u. Hence fu =gu =ui. e. u is common fixed point of fand g.
For uniqueness, we consider that v = u be another common fixed point of f and g.
From (3.3), we have
G(u, v, v) = G(fu, fv, fv)
< aG(fu, gv, gv) + BG(gu, fv, gv) + yG(gu, gv, fv) + 6G(fu, fv, gv) + {G(fu, gv, fv)
<(a+B+y+d+G(u,v, V)
<G(u,v, V)
A contradiction, thus u = v. Hence the theorem.
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