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Abstract

The present paper deals with theorem on strong (E, ¢ )(C,1) summability of Fourier series and its derived
series under very general condition. It generalizes a well-known result on strong (E,1)(C,1) summability of

Fourier series under certain condition due to Bhatia and Sachan®.
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1. Introduction

An infinite series Z u, with the sequence {Sn }of its partial sums is said to be summable

(C,l) to a fixed and finite sum S if the sequence-to-sequence transformation, C) =%Zsm
n+

m=0

tends to S as 7 —> o (Titchmarsh®) and the n®(E,¢)mean, g >0, of the sequence {S,} of partial
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sums of the series Z u,is givenby E! = " -il)” Z{Z}q”"S,{ JAf E? — S as n — oo, then the
q k=0

series Z u, or the sequence {S,} of its partial sums is said to be summable (E , q) to the sum S.
(Hardy [4],p.180).

Now superimposing (E ,q) summability on the (C,l) mean of the series Zun we get
(E ,q) (C ,1) summability of the series Zun, where the n (E ,q) (C ,1) mean (ch)‘ of the

sequence {S,} of partial sums of the series Z u, is defined by the sequence-to-sequence transformation

n ok
( ):1_q+1)k0|::| C

Following the definition of strong (C ,1) summability given by Hardy and Littlewood’, we

define that the series Z u,, or the sequence {S,} of its partial sums is strongly summable (E , q) (C ,1)

to the sum S if Zn:{ﬂq”k‘@i —S‘ =0[(q+1)”] as n — o (1.1)
k=0

The Fourier series of a 27 -periodic and Lebesgue integrable function of f{¢) in the interval
(—m,m) is given by

f(t)~%a0 +Z(an cosnt+b, sinnt)=ZAn(t) (1.2)
n=l1 n=0
The series Z n(b, cosnt —a, sinnt) = Z nB (1) (1.3)
n=1

Which is obtained by differentiating term by term the series (1.2) with respect to ¢ is known as the
derived series of the Fourier series (1.2) of the function f{¢). Here

Z (b, cosnt —a,sinnt) = Z B (1) (1.4)
n=1 n=l1

is called as the conjugate series of the Fourier series (1.2) of the function f(¥).
Let us write at a point ¢t =x, @)= f(x+)+ f(x—1)-2f(x), g@t)= f(x+1)— f(x—1)-2tf"(x),

, where f"(x) is the first derivative of f(f) att = x

2. Preliminaries
The following lemmas are needed in order to prove our theorems,
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Lemma 1. For ng‘gl

n
v [ sinzg [ ]
" =O|n(q +1)"
2 Mq o n(g +1)

Proof. For ()gtgl,

n

< S g o)
= o)

= O(H)i {ﬂq""‘

=O0[n(qg +1)"]
1
Lemma 2. For ¢ >—
n
sin? Kt
- n qnfk 2 :O (q+1)”
| i ‘ kt’ ‘ nt>
1
Proof. For ¢ >—
n

=0y, mq

nt” o
_ 0{(q+ L }
nt

Since Hardy and Littlewood’ established Strong (C,1) summability of Fourier series (1.2) under the condition
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D) = [|p@)du = o(t) as - 0 2.1)

Superimposing (E,1) summability on the (C,1) summability. Bhatia and Sachan’ have

recently studied strong (£,1) (C,1) summability of Fourier series (1.2) under the condition (2.1) by
proving the following theorem :

t
Theorem A (Bhatia and Sachan®). If f (x) is integrable (L) and (r) = I|¢(u)|du =o(f)»
0

as t — 0, then the Fourier series (1.2) of the function f () is strongly summable (E,1) (C,1) to the
sum f(x)att =xin (-7, 7).

3. Main Results

In this section we prove very interesting result by superimposing (E , q), qg>0 on (C,))
summability method and obtained a generalization of theorem A for strong (£, ¢) (C,1) summability

of the Fourier series (1.2) and also that of its derived series (1.3) by establishing following two
theorems under very general condition.

Theorem 3.1. Let o (¢) & [(¢) be any two positive function of ¢ such that a(¢), [(¢) and
a(t)
B()

n
sequence of constants with P, such that its non-vanishing n™ partial sum P, = Z Py —>®as n—>o.

k=0
)
ol — |t
t

B(F)

t increase monotonically with ¢ and let { pn} be a non-negative, monotonic, non-increasing

If a(n)=0[B(P,)] as n > and d(r) :_H(p(u)\du =0 as t — (0, where 7 is the
0

integral part of l , then the Fourier series (1.2) of the function f(¢) is strongly summable (£, q)(C,1)
t

to the sum f'(x) ata point ¢t =xin (—7,7).

Proof. The n® (C,1) mean o, (x) of the sequence {Sn (x)} of partial sums of the Fourier
series (1.2) of a function f'(¢) at the point # = X, is given by

G,,(X)—f(X):%j@sinz'grﬁw(l) (3.1.1)
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for 0 < § < 7 (Titchmarsh®)
Following (1.1) for strong (E,g)(C,l) summability of the Fourier series (1.2),we have

() = [ (%)

I¢(t)

Sl d £k

2t +ol(g+1)"]

okt

=0| [lp(0) z":mq” kt22 dt | +ol(g+1)"]

:0_j+ j }o[(qﬂ)"]

= O(1,) + O(I,) + +o|(g +1)" | . say (3.1.2)

Let us first consider

1/n sin” —
I j [6(0) H 2t

1/n

= O[n(q +1)" ” ‘qﬁ(t)‘dt (using lemma 1)

= O[n(q +1)" ]o{ nz((’;))} (condition of theorem)

P
= o[n(q +1)" {%} (using condition on {p, })



6 U.S. Yadav, et al., JUSPS-B Vol. 38(1), (2026).

=ol(g+1)"]as n—w (3.1.3)

Further considering /I, we have

5 » ksin 5
1= [l

1/n k=1

= 0_(61 +1)" | j’ |¢(2t)|dt
t

L h Al/n

_ 0_(q +1)" _HCD(ZI)T + i%f)dt}

n t

(using lemma 2)

_ 0_(q +1)" "{@(25) _nzq)(l }+ q)(lj 51;4
n o n nj)st

L AL 1/n

vkl e
n -

nf(F,) n

nf(F,) B(F,)

=ol(g+1)] as n — (3.1.4)
Collecting from (3.1.2) to (3.1.4) we get

e

This completes the proof of Theorem 3.1.

:o[(q+l)”]—0 (g+1)'n a(n) }+0{ a(n) (q+l)”}

o, ()= f()| = ol(g+1)"] 35 71—> o0

Theorem 3.2. Let {p,} be as taken in theorem 3.1, together with a(?), B(¢) also the same,

, [}
satisfying ot(n) = O[B(P,)] as n —> o0 and If G(¢) = j ldg(u)| =0 M s 250, then the
0

B(F)

derived series (1.3) of the Fourier series (1.2) of the function f'(¢) is strongly summable (£, q)(C,1)
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to the sum f"'(x) ata point# = x in (-7, 7).

Proof. Let 7 (x), the sum of first n terms of the derived series (1.3) at a point # = x, we get

: 1
el g sm[nJrzj(x—u)
T (x)=—/| |—

() 27:-[0 dx

(u)du
sin 5 (x—u)

sin[n + 1j(x —u)
=_Lr”f(u) a 2 du
2 0 du 1
sin 5 (x—u)

sin[n + ;jt
— 2 i

t

1 = d
=— [ Ureo-re-n] -

sin[nwt;jt
—ld[f(X+t)—f(x—f)]

sin — ¢
2

sin —¢
2

S ox Yo

sin[n + ljt

1 ¢~ 2 ,

= e+ )
a sin Et

Therefore
! sin[n + 2}1‘
T, [0 = ——"dz(0)
T

1

. (3.2.1)
s —¢
2

The n® (C,1) mean of the sequence {T ; (x)} of partial sums of the derived series (1.3) will be given by
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. o nt
| S0 3
Now let C'(x)-f'(x) = j da(t)
2nm =0 sin21
sin k+l t Sinznl
n—1 2 B 2
Where 1 = p
k=0 gin—¢ sin® —
2 2
For (<& < we have
. o nt
5 S ?
Cr ()= f1(x) =— [ —5=-dg() +o(1) (3.2.2)
nw ¢

Following (1.1) for strong (E, g)(C,l) summability of the derived Fourier series (1.3), we have

Zle

_ 2 n - ESin E n [ n .
2l R o 2l

CH(x) = /()

k=1

. o kt
sin?

ng gmq” k;22 [dg(®]+ol(g +1)’]

T

= 0[ [ "IN, (t)||dg(t)|} +ol(g+1y]

= 0(J,)+0(J,) +ol(g+1)’] (32.3)
Now applying the condition in theorem 3.1, the lemma 1 and the condition of theorem 3.2 we can
easily obtain, as in [}, that

Ji =0[(q+1)”] (3.2.4)
Further considering J; and following the lines of proof for />, we shall get

J, = 0[(q + 1)”] (3.2.5)
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Collecting from (3.2.3) to (3.2.5), we shall immediately get the required result, i.e

Zn:{lqu"k‘ai (x) —f'(x)‘ = 0[(q + 1)”], as n—oo

k=1

This completes the proof of Theorem 3.2.
4. Conclusion

In this paper, we have discussed the strong summability method of Fourier series and its
derived series. Various results pertaining to the (E, q),(C,1) and product summability of Fourier series,
its derived series and its conjugate series have been studied. The above theorems are for improvisation
of many existing results of Fourier series and its derived series which extends and generalizes
them. These results are motivation for many researchers in future to find better outcomes in the field
of summability theory.
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