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Abstract

In this paper we extend the Fibonacci recurrence relation to define the sequence {C,} and derive some

properties of this sequence. We alsodefine the four comparison sequence {P,}, {Qn}, {Ra}, {Sn}. We also
obtain some identities with the help of generating matrix.
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Introduction

Wadill M. E."3, has extended the Fibonacci recurrence relation to define the sequence by
K, =Ky 1+K, 2 +Ky3n=3 (1.1)
Where, Ky K; K, are given arbitrary algebraic integer.
Jaiswal D. V.°, has extended the Fibonacci recurrence relation to define the sequence by

Qn = Qn—l + Qn—Z + Qn—3 + Qn—4:n = 4 (1.2)
Where, Q@ Q1, Q, are given arbitrary algebraic integers.

This is an open access article under the CC BY-NC-SA license (https://creativecommons.org/licenses/by-nc-sa/4.0)
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Harne S 8, has extended the Fibonacci recurrence relation to define the sequence {D,} by
D,=D, 1+D,_,+D, 3+D,_4+D,_5;n=>5 (1.3)
Where, Dy Dy D, are given arbitrary algebraic integers.

Teeth M 2, has extended the Fibonacci recurrence relation to define the sequence {C,} by
Ch=0C1+Cp+C3+C g+ Cs +Cn=6 (1.4)
Where, Cy, €y € are given arbitrary algebraic integers.

In this paper, we shall further extend the Fibonacci recurrence relation®* %7 ! to define the sequence
{Gnp} and drive some properties of this sequence,

We shall also consider the five comparison sequences

{Hn}, {1}, Und, (K} and {L}

2 The Generalized Sequence {Gh}:

We consider the sequence, {G,} = Gg, Gy, Gy, ..., Gy, ...
Where Gy, G, G2, G3, G4, Gs, and Gy are arbitrary algebraic integers all of which are not zero and
G,=G, 1+G, 2 +G, 3+G,_4+Gp_5 +G_6+G_7,n=>7 (2.1)
We also consider the sequence,

{H,} = Hy Hy H, ...,H, ..

Where,

Hy =Gy —G3 — G, — Gy — Gy, H = G5 — Gy — G3 — Gy — Gy
Hy = G — G5 — Gy — G3 — Gy, H3 = G; — Gg — G5 — G4 — G3
Hy = Gg — G7 — Gg — G5 — Gy, Hs = Gg — Gg — G7 — G — G5

2.2)
With
Hn = Gn—l + Gn—Z + Gn_3 + Gn_4 + Gn_5 + Gn_6,n >6 (23)
And
{In} = IO, 11, 12,171,
Where,

Iy = Gs — Gy — G3 — G — G1 — Gy
L =G —Gs— Gy —G3— Gy — Gy
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I = G; — Gg — Gs — Gy — G3 — Gy
I3 = Gg — G7 — Gg — Gs — Gy — G3
Iy = Gg— Gg — G7 — Gg — Gs — Gy

With

In = Gn—l + Gn_z + Gn_3 + Gn_4 + Gn_s ,n = 5
Now,

Ud=Jo, 1], ————— Jn,

Where,

Jo="0Ge — G5 — Gy —G3 — G — G — Gy
J1 =067 —Gg—Gs — Gy — G3 — Gy — Gy
Jo=Gg —G7 —Gg— G5 — Gy — G3 — (o
J3 =Gg —Gg —G7 —Gg — G5 — Gy — G3

With

]n = Gn—l + Gn—Z + Gn—3 + Gn—4ln > 4
Also,

{K.} = Ko K1, Ky ———— — K,
Where,

Ky=G; —Ge —Gs — Gy —G3 — G, — Gy — Gy
Ki=Gg—G;—Gg—Gs — Gy —G3 — G, — (&
Ky = Gg—Gg—G7 —Gg — G5 — Gy — G3 — G

With,

Kn = Gn—l + Gn_z + Gn_3,n >3
Next,

{Ln} = Lo Ly Ly ————— Ly,
Where,

Ly=Gg—G; —Gg— G5 — Gy —G3 — G, — G — Gy
Li= Gg—Gg—G7 —Gg— G5 — Gy — G3 — G — Gy
Ly = G19g—Gg—Gg —G7 —Gg — G5 — Gy — G3 — G
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L,=G,_1+G,_,,n=2 2.11)

Using (2.1) and (2.3) we have for n > 13

We have,
Hy,=(Gpp————— +Gp7+ Ghg) + (Gpz ————— +Gpg + Gno)
+ Gy ————— +Gp—9 + Gp_10)
+(Gps————— +Gp-10 + Gp-11)
+(Gre————— +Gp-11 + Gp-12)
+ Gy ————— +Gp-12 + Gp-13)

Hn = Hn—l + Hn—Z + Hn—3 + Hn—4 + Hn—5 + Hn—6 + (Gn—8 + Gn—9 _____

+Gp_12 + Gp_13)

Hn = Hn—l + Hn—Z + Hn—3 + Hn—4 + Hn—5 + Hn—6 + Hn—7

On using (2.3) and (2.2) we have,
le = (610+Gg+68+67+66+65)+ (Gg+Gg+G7+G6+Gs+G4)

+(Gg + G+ G+ Gs + G4+ G3) + (G7 + Gg+ G5 + G, + G3 + Gy)
+(Gg+ G5+ G+ G3+ G+ Gy) + (G5 + G, + G3 + G, + Gy + Gy)
+( Gy — Gg — G7 — Gg — G5s)
H12:H11+H10+H9+H8+H7+H6+ H5
H11:H10+H9+H8+H7+H6+ H5+H4
H10:H9+H8+H7+H6+H5+H4+H3
H9:H8+H7+H6+ H5+H4+H3+H2
H8:H7+H6+ H5+H4+H3+H2+H1

Hence, we have for n > 7
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Hy=Hy 1 +Hy o +H, 3+Hy 4 +H, 5s+Hy 6+ H,

In the similar way, we have for n > 7

ILh= G2+ Gpz————— +Gp—7 + Gng)
+(Gr3+ Gy ————— +Gp_g + Gro)
+(Gpg————— +Gp_9 + Gn_10)
+(Gps————— +Gp-10 + Gp-11)
+(Gp6————— +Gp-11 + Gp12)

In = Ip + In—2 + In—3 + In—4 + In—5 + In—6 + In—7

Proceeding on the same way, it can easily show that for n > 7 we have,

o= (G +Gr3————— +Gn_7 + Gp_g)
+(Gr3+Gpg————— +Gn_g + Gpo)
+(Gpgy————— +Gp_9 + Gp_10)
+(Gp5————— +Gp_10 + Gp-11)

]n = ]n—l + ]n—2 +]n—3 +]n—4 +]n—5 +]n—6 +]n—7

Similarly, we have for n > 7

Kn = (Gn—Z + Gn—3 _____ +Gn—7 + Gn—8)
+(Gn—3 + Gn—4 _____ +Gn—8 + Gn—9)
Gy ————— +Gp—9 + Gr_10)

Kn = Kn—l + Kn—Z + Kn—3 + Kn—4 + Kn—S + Kn—6 + Kn—7

Ln = Ln—l + Ln—Z + Ln—3 + Ln—4 + Ln—5 + Ln—6 + Ln—7

51

(2.12)

(2.13)

(2.14)

(2.15)

Thus, the five sequences {H, },{I,,}, {/,,}, {K,} and {L,} are special cases of sequence {G,} are

obtained by taking different initial values"? . On taking
Go=G,= Gy =G =0, G, = Gs =1, Gg = 2

Go= G, = Gy=0, Gs=1,G,=0, Gs =1, Gg = 2
Go= G, =0, G, =1,G63=1,G64,=0, Gs =1, Gg =2
Go=0 G =1 G, =G =G, =0, Gs=1, Gg = 2
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60:1,61262263264:0, 65:1, G6:2
60261262263:(;4:0, 65:1, G6:2

We have the following sequences
0,0,00,1,1,2,4,8,16,32,64,..M,, ...

0,0,010,1,2,4,8,16,32,63, ... N, ...
0,0,10,0,1,2,4,8,16,31,62,...0,, ...
0,1,0,0,0,1,2,4,8,15,30,60, ... B,, ...

1,0,0,0,0,1,2,4,7,14,28,56, ...Q,, ...
0,0000,1,2,3,6,12,24,48, ...R,,, ...

Here we find that

Ny= My 1 +My 2 +My 3+My_4+ M, 5+ M,

Op =My 1 +My_o+M,_3+M,_4+M,_s

Po= My 1 +My_o+My_3+M,_4

Qn= My +M,_5+M,_3

Ry = My_1 + M,

Therefore, we can say that {M,} is a G, type sequence, whereas {N,} is a H, type sequence, while
{O,} is a I, type sequence, similarly, {P,} is a J, type sequence, while {Q,} is a K, type sequence,
and {R,} is a L, type sequence.

3 Linear Sums and Some Properties :

We have derived some properties of the sequence {G,}, {H,}, {I.}, {J.}, {K,} and {L,}
expressing each of the terms G7, Ggs, Go,..., G+ as the sum of its seven preceding terms as given in
(2.1) adding both sides we obtained on simplification -

n
1
D 6 = < {Gurs = Guss = 26033 = 36,42 — 4G + Gy
i=0

— (G — Gy — 2G5 — 3G, — 4G, — 5G,)}
On using
7n—1 n n+1 n n+2

n
ZGW = Z G; + Gy :ZG7i+2 = Z G; + Hy :ZG7i+3 = Z G; + I
i=0 i=0 i=0 i=0 i=0 i=0
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7n+3 n+4 7n+5

ZGW— Z Gi +Jo »ZG7L+5 Z Gi + Ko ,ZGM - Z Gi + Lo
n n+6 7n+5

Z Griv7 = Z G+ (Ly — Go) , Z G7it6 = Z G; + (Ky — Go)

i=0

n n+4 n+3

ZG7i+5 = Z G+ (1 — Go), ZG7L+4 = Z G + (I — Gy)

n+2

ZG7L+3 - Z Gi + (Hy = Gy)

4. Property of sequence {M,} :

Theorem 4.1 For the sequence {M,} we have,

Mn Mn+1 Mn+2 Mn+3 Mn+4 Mn+5 Mn+6
Mn+1 Mn+2 Mn+3 Mn+4 Mn+5 Mn+6 Mn+7
Mn+2 Mn+3 Mn+4 Mn+5 Mn+6 Mn+7 Mn+8
M,z Mpia Mpis Mppe My M, g Myio | = (_1)n+1
Mn+4 Mn+5 Mn+6 Mn+7 Mn+8 Mn+9 Mn+10
Mn+5 Mn+6 Mn+7 Mn+8 Mn+9 Mn+10 Mn+11
Myt Mni7 Mytg Mpyg Mpi1o Mui1n Muyaz

Proof : consider the determinant

1 11 1 1 1 1

1 0 0 0 0 0 O

0O 1.0 0 0 0 O
A=10 0 1 0 0 0 O

0O 0 01 0 0 O

0O 0001 0 O

0O 000 0 1 0
With the value (+1).

Next we have,
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AZ_

I
cCoocoRrN
cCoOOoORr RPN
cCoRroOoRrRN

SO R OO RN
SR OO RN
OO OO RN
S OO OO R

0 0 O

By Mathematical Induction

Mn+1 Nn+1 0n+1 Pn+1 Qn+1 Rn+1 Mn
Mn Nn On Pn Qn Rn Mn—l

Mn—l Nn—l On—l Pn—l Qn—l Rn—l Mn—Z
A" = My, Nyp Onpp Py Quny Ry, M,3
Mn—3 Nn—3 0n—3 Pn—3 Qn—3 Rn—3 Mn—4
Mn—4 Nn—4 0n—4 Pn—4 Qn—4 Rn—4 Mn—5
Mn—5 Nn—5 0n—5 Pn—5 Qn—S Rn—5 Mn—6

On writing R, =M, + M,_;, the R.H.S can be written as the sum of two determinants, one of which
is obviously zero. Therefore,

Mn+1 Nn+1 0n+1 Pn+1 Qn+1 Mn—l Mn
Mn Nn On Pn Qn Mn—Z Mn—l
Mn—l Nn—l On—l Pn—l Qn—l Mn—3 Mn—Z
A" = My, Ny o Opp Py Qno My M3
Mn—3 Nn—3 0n—3 Pn—3 Qn—3 Mn—S Mn—4
Mn—4 Nn—4 0n—4 Pn—4 Qn—4 Mn—6 Mn—S
Mn—5 Nn—5 0n—5 Pn—5 Qn—S Mn—7 Mn—6

Also we have Q11 = M,+ M, + M, , the R.H.S can be written as the sum of three determinants,
two of them are zero. Therefore,

Mn+1 Nn+1 0n+1 Pn+1 Mn—Z Mn—l Mn
Mn Nn On Pn Mn—3 Mn—Z Mn—l
Mn—l Nn—l On—l Pn—l Mn—4 Mn—3 Mn—2
A" = My, Ny Onp Py Mys My, M,3
Mn—3 Nn—3 0n—3 Pn—3 Mn—6 Mn—S Mn—4
Mn—4 Nn—4 0n—4 Pn—4 Mn—7 Mn—6 Mn—S
Mn—S Nn—S On—S Pn—S Mn—8 Mn—7 Mn—6

Next, we have P, .1 = M, + M,_; + M,,_, + M,,_3 , so that R.H.S can be written as the sum
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of four determinants, three of them are zero. Therefore,

A" =

Mn+1
M,
Mn—l
Mn—Z
Mn—3
Mn—4
Mn—5

Nn+1
N,
Nn—l
Nn—Z
Nn—3
Nn—4
Nn—5

0n+1 Mn—3 Mn—Z Mn—l Mn
On Mn—4 Mn—3 Mn—Z Mn—l
On—l Mn—5 Mn—4 Mn—3 Mn—Z
0n—2 Mn—6 Mn—5 Mn—4 Mn—3
0n—3 Mn—7 Mn—6 Mn—5 Mn—4
0n—4 Mn—8 Mn—7 Mn—6 Mn—5
Ons Myo9 Myg My_7 M,
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Now writing Opi1 =M, + My,_1 +M,_5+M,_3+ M,_4,s0 that R.H.S can be written as the
sum of five determinants, four of them are zero. Therefore,

A" =

Mn+1
M,
Mn—l
Mn—Z
Mn—3
Mn—4
Mn—5

Nn+1
Ny

Nn—l
Nn—Z
Nn—3
Nn—4
Nn—5

Mn—4
Mn—5
Mn—6
Mn—7
Mn—8
Mn—9
My, 10

Mn—3
Mn—4
Mn—5
Mn—6
Mn—7
Mn—8
Mn—9

Mn—Z
Mn—3
Mn—4
Mn—5
Mn—6
Mn—7
Mn—8

Mn—l
Mn—Z
Mn—3
Mn—4
Mn—5
Mn—6
Mn—7

Similarly, N,y 1 = M, + M,, 1+ M, _, + M, 3+ M,_4 + M, _5 sothat R.H.S can be written
as the sum of five determinants, four of them are zero. Therefore,

A" =

On applying following elementary column operation

Mn+1
M,
Mn—l
Mn—Z
Mn—3
Mn—4
Mn—S

Mn—S
Mn—6
Mn—7
Mn—8
Mn—9
M, 10
My, 10

Mn—4
Mn—S
Mn—6
Mn—7
Mn—8
Mn—9
My, 10

Mn—3
Mn—4
Mn—S
Mn—6
Mn—7
Mn—8
Mn—9

S 3
| |

3
|

3
|

3
|

SXXXXEEX
|

3
|

C, & C;,C3 & C4,Cy > C5 we have

Mn+1
M,
Mn—l
Mn—Z
Mn—3
Mn—4

Mn—5

M,

Mn—l
Mn—Z
Mn—3
Mn—4
Mn—5
Mn—6
Mn—7

Mn—Z
Mn—3
Mn—4
Mn—5
Mn—6
Mn—7
Mn—8

XXXXXXEX
|

3
|

Mn—l
Mn—Z
Mn—3
Mn—4
Mn—S
Mn—6
Mn—7
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Putn-11=/

We have

= (D" (M9 Myig My, Mys Mys Mgy Mpygs

Rearranging the determinant and replace / by n, we get the required result.
5 Generating Matrix for {G,}

In this section we obtain some identities with the help of generating matrix.

We consider the matrix

1 1 1 1 1 1 17
10 000 0 0
0100000

[S1=10 0 1 0 0 0 O
0001000
0000100
0 0 0 0 0 1 o

Using Mathematical Induction, we can show that

S

_Mn+1 Nn+1 0n+1 Pn+1 Qn+1 Rn+1
Mn Nn On Pn Qn Rn

Mn 1
Mn—l Nn—l On—l Pn—l Qn—l Rn—l Mn—Z
[S]n = |M,_, N, 0n—2 P Qn—Z R, , M,_; n=6
Mn—3 Nn—3 0n—3 Pn—3 Qn—3 Rn—3 Mn—4
Mn—4 Nn—4 0n—4 Pn—4 Qn—4 Rn—4 Mn—S
—Mn—5 Nn—5 0n—5 Pn—5 Qn—S Rn—5 Mn—6

and

[Gn ’ Gn—ll Gn—Zl Gn—3l Gn—4l Gn—5: Gn—6] = [S]n [G6 ’ GS: G4, G3, GZ: Gll GO]

On using above two equations we have
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[ Gn+l i -Mn+1 Nn+1 0n+1 Pn+1 Qn+1 Rn+1 Mn 1T Gn i
Gn+l—1 Mn Nn On Pn Qn Rn Mn—l Gn—l
Grti—2 My_y Npoy Onoq Pooqr Quor Ryt My [Gho
Guti-3| = |My—2 Ny—p On2 Pz Qn2 Ry My_3| |Gps
Gn+l—4 Mn—3 Nn—3 0n—3 Pn—3 Qn—3 Rn—3 Mn—4 Gn—4
Gn+l—5 Mn—4 Nn—4 0n—4 Pn—4 Qn—4 Rn—4 Mn—S Gn—S

—Gn+l—6- —Mn—S Nn—S On—S Pn—S Qn—S Rn— Mn—6 —Gn—6

We have

Gny1 = Mi11Gy + NijiGrq + 014163 + Pri1Gy 3+ Qy1Gy—g + Ri11Gr s

+ MlGn—6

Let us consider the matrix [Z] which is transpose of the matrix [S]
i.e.

SO LR OOOo

—

N

e

Il

)

e

Il
' !
R R R R R R R
OO0 O OR
o0 OoCOoO RO
oo oOR OO
cocoOmR OO OO
= e W e W e )

0

It can be easily seen that the sequence Gg,Hy, Ig, Jo, Kg, Lg, Gg, .

K,, L,,G,is generated by matrix [Z].

ie.

[Gn ’ an Inﬂ ]nf Knﬂ Lnﬂ Gn—l] = [Z]n_6 [G6 ’ H5, 15, ]5, K5, L5, GS]f
On using (5.1) and (5.2), we get

[Gn+l ’ Hn+l» In+l» ]n+l» Kn+l» Ln+l» Gn+l—1]
= [Z]n+l_6 [G6 ’ HS: 151 ]51 KSI LSI GS]I n=6
= [Z]l [Gn » Hy,y Ly, Jny Kn, Ly, Gn—l]

My My My M, My 3 M_4 M. s)[G
Nyiw N Ny N N3 Ny Ns||H
O O 0y O O3 04 O s|| L
=|\Pn P Py P P33 Py Ps||]
Qv1 @ Q1 Q2 Q3 Q4 Qs|| Kn
Ryw R Ry R Rz R4 Rs|| Ly

LM, My My, M3 M4 M_5 M _¢llG, 4]

57

-:Gn—llHn: Inr ]TL'
(5.1)

n=6 (5.2)

Gnyr = Mip1Gy, + MiH, + My_11,, + M;_5], + M;_3K, + M;_4L, + M;_5G,,_; .
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Hyy = Nij1Gy + N\Hy + N1, + Ni_p], + N 3K, + Nj_4L, + Nj_5G,, 1 .
Iy = 01416y + OHy + 0111, + 013, + 013K, + O01_4L, + 0;_5Gy,_1 .

Jn+1 = PGy + PHy, + Pq 1, + Po], + Pl 3K, + P_4L, + P_5G, 4 .
Knt1 = Quu1Gy + QHy + Q16 + Q12Jn + Q3K + Q4L + Q1561 .
Lyt = Riy1Gy + RiH, + Ry, + Ry_3Jn + Ri3K,, + Rj_4Ly, + Rj_5G, 4 .

6. Conclusion

In this paper we define the sequence {G,} and its five comparison sequence {H,}, {I,.},

{Jn}, {Kn}, {Ln}. We also derive linear sum and generating matrix for {G,}.

References

L.

2.

10.

11.

12.

13.

Atanassov K. T., An Arithmetic function and some of its applications, Bulletin of Number Theory
and Related Topics, 9(1), 18-25 (1985).

Atanassov K. T., Atanassov L. and Sasselov D., A new perspective to the generalization of the
Fibonacci sequence, The Fibonacci Quarterly, 23(1), 21-28 (1985).

. Bedratyuk, L., Derivations and identities for Fibonacci and Lucas Polynomials, The Fibonacci

Quarterly, 57(4), 351-366 (2024).

. Georghiou C., On some second order Linear Recurrence, The Fibonacci Quarterly, 27(2), 10-15

(1989).

. Georgiev P. and Atanassov K. T., On one generalization of the Fibonacci sequence, Part III.

Some relations with fixed initial values. Bulletin of Number Theory and Related Topics, 76, 83-92
(1992).

. Georgiev P. and Atanassov K. T., On one generalization of the Fibonacci sequence, Part II.

Some relations with arbitrary initial values. Bulletin of Number Theory and Related Topics, 76,
75-82 (1995).

. Georgiev P. and Atanassov K. T., On one generalization of the Fibonacci sequence, Part V. Some

examples. Notes on Number Theory and Discrete Mathematics, 2(4), 8-13 (1996).

. Harne S. and Parihar C. L., Generalized Fibonacci Sequence, Ganit Sandesh, 8(2), 75-80 (1969).
. Jaiswal D. V., On a generalized Fibonacci Sequence, Labdev Journal of Science and Technology,

7(2), 67-71 (1969).

Koshy T., A family of sums of Gibonacci polynomial products of order 4 revisited, The Fibonacci
Quarterly, 59(3), 225-231 (2021).

Smalovic, L., Sabanac, Z., and Seeta, L., Relations between Chebyshev, Fibonacci and Lucas
Polynomials, The Fibonacci Quarterly, 63(2), 43-455 (2025).

Teeth M. S. and Harne S., Polynomials related to Generalized Fibonacci Sequence, Journal of
ultra scientist of physical sciences, 34(2), 16-24 (2022).

Waddill M. E. and Lovis S., Another generalized Fibonacci sequence, The Fibonacci Quarterly,

5(3), 209-222 (1967).



