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Abstract

Distinct positive Fibonacci sequences either eventually
intersperse or else doubly intersperse. Necessary and sufficient
condition for the latter case is given and each pair of distinct Fibonacci
sequences eventually intersperse or doubly intersperse .We discuss
that each 3-tuple of distinct Fibonacci sequences eventually intersperse

or doubly intersperse.

1. Introduction

Interspersions among Fibonacci
sequences can be arranged as array of numbers
with some special conditions. A Stolarsky
interspersion” is an array of positive integers,
each occurring exactly once, such that the
rows of the array are Fibonacci sequences,
each pair of which eventually intersperse and
such that the first column of the array is
increasing. Among Stolarsky Interspersions
are the original Stolarsky array®, the Wythoff
array®, the golden array® and the Wythoff dual
array®. C. Kimberling! gave an idea that each
pair of distinct Fibonacci sequences eventually
intersperse or doubly intersperse.

Sequences u = (U, Uy, .. )y X=X, Xp e ),

Y=(Y1: Yy ) eventually intersperse if
there exist i,j & ksuch that

O<u; <X; <Yy <Upy <Xjpp <Yy
(1.1)

e, if Uy, <Xj, <Yy forall h>0.

Sequences U, x andy eventually doubly
intersperse if there exists I, j & k such that

0<u; <Ujyy <Xj <Xy <Yy <Yy <Uipo

<Uig <Xjp <Xja <VYiga < VYiag <o

Jj+2
(1.2)
If iis least possiblein (1.2), then X, Y double
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intersperses u from uiandxj , Y, respectively.

A Fibonacci sequence is a sequence

S=1(S,S, e .) of positive real numbers
satisfying
Sm =Sma T Sm_s for m>3 (1.3)

The classical Fibonacci sequence Fr, is given
by (1.3) using initial terms

F1251:1 & F2252:1
We shall prove that each 3-tuple of distinct
Fibonacci sequences eventually intersperse or
doubly intersperse. Double interspersions yield

pairs of ordinary interspersions?.
2. Interspersion of sequences :

Lemma 1 : Suppose that U, x and Y
are Fibonacci sequences satisfying
Ui <X <Yy <Ujy <Xj <Yy <U
for somei, j &Kk.
Then, Uih <Xjp <U

i+h+1

& Uy <Yy <Uppy (21)

Proof: Forh = 0 and h = 1,the
inequalities (2.1) hold by hypothesis.

Assume for arbitraryh > 2 that

Uithoz <Xjino <Ujng
& Uithaa < Xjipa <Upp
This gives
l'Ii+h—2 + l'Ii+h—1 < Xj+h—2 + Xj+h—1 < l'Ii+h—1 + l'Ii+h

Which results in
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Uiih <Xjih <Ujhi
Similarly,

Uish < Yien <U

i+h+1 |

Lemma 2: Suppose that u,x & y are
Fibonacci sequences satisfying

Xp = Uy and X, = Uy, and
y,= u,and y, , = u,,  forsome

m>1 h>1and n>1,
Then x=u and y =u.

Proof : Given that Xm=Um if Xm+1=Um=+1,
then clearly x = u.

On the other hand, if Xm+1<Um+1, then Xm+2=Um
+ Xm+1<UmtUm+1=Um+2

And inductively,

Xm+h<Um+h for all h > 1 which is contrary to
the hypothesis.

If Up+1<umer then inductively

Um+h < Xm+h, forallh>1, again a contradiction.
Therefore, x=u.

Similarly, y, = un and Yn+n = Un+h givesy = u.

Lemma 3 : If u is a Fibonacci sequence, then

u, =uF .+u,F , forall n>3,
Where F, = 0.
Proof : F, =u, =1 F,=u,=1

& l"Im = l"Im—l—i_ l"Im—2
By induction
Let us suppose that
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Upy = U R+ U
& U, =UuF, s+UukF,,
Up = Up g+ Uy
=k, +uF s+u R U,
=u(F, ,+F,5) tU(F, 5 +F,,)

= Uk, +uF
Which proves the required result for general n.

Theorem : Distinct positive Fibonacci
sequences u,x and y eventually doubly
intersperse if there exist a>1, b>1 and c>1
such that

X, tYe — 2ua = T(zuaﬂ — Xpig _yc+1)(2'2)

Where t denotes the golden ratio, @+ JE) /2
Otherwise, eventually intersperse.

Proof : Suppose that u,x and y are
distinct positive Fibonacci sequences i, ] & k
satisfy

Uiy <U;<X; <Yy
This can be further divided into two sub cases:
(D uig<uy;< Xj and (1) uj1 < Uuj < yx

In each of these sub case the following cases
are exhaustive : (for I)

Case 1. U< X;< U < X

j+l< l'li+2

i+1

Case 20 U< X< X< Uiy

Case 3: U< X;< Ui < U, <Xy

In case 1, the sequences and eventually
intersperse by lemma 1.

In case 3, there are two sub cases :

(2.3)

X SU< X< Uy <UL, <X,

Ui < Xy <X <Up <UL, <Xy

i+1 i

(2.4)
Equation (2.3) yields a contradiction.

By equation (2.4) U;,; < Xj,;<Uj,

Now, if Uj+3 < Uj+2, then u and x eventually

intersperse by lemma 1.
On the other hand, if

< ui+3

Then by shifting indices, we have

l'liJrl< Xj+l < Xj+2

Up <X; <X SUp,
Which is covered in case 1.
Now case 2, breaks into two cases:

Case 2.1

Case 2.2 Uj+2 2 Uj+2
In case 2.1, we have

Xj+2 < Uj+2

u,<u<x; and u;<Xx;,,so that

Uiyt U <X+ X

i, U,<X,,

i+1
Which gives

U< X; < XS U, < X

j+1— Yi+l j+2< ui+2

Which implies

ui+l< Xj+2 < ui+2 < Xj+3 < ui+3

So that u and x eventually intersperse by
lemma 1.
In the remaining case that no such h exists,
we have

U; < X; < X, < U

i+1

< U

i+2

j+1 < Xj+2

< Xj3 SUjg < Uy, <

e Seceeninnae (2.5)
Although (2.5) shows Xj+h < Ui+ for infinitely

many h, at most one of these is Xj+h = Uj+n
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by lemma 2. Likewise, at most one of the
inequalities Uirm < Xj+m In (2.5) is actually

ui+m= Xj+m
Therefore, in (2.5) we can assume i large
enough that

U< X< X, < Uy < U, < X

j+1 i+1 i < Xj+3

j+2
(2.6)

which is to say that u and x eventually doubly
intersperse. From (2.6) we extract two families
of inequalities :

U< X
Uit Uiy = Uip < Xjo = X5+ X5,

2U;+ 3U; = Uiy < X0 = 2X+3X

I:nui + I:n+lui+l< Fan + Fn+lXj+1 for n=
1,3,5, cieeeeennns (2.7)
and X, <U,

Xj+ 2Xjq = Xj3<Upg = U+ 2U;,

3X; 49X,y = Xj,5 < Up,5 = 3U; +5U; 4

F.Xi+ FaXa < Fu+ F

2, 4, 6,............

n+lui+l forn=
(2.8)

n+1

Similarly, if we consider the case Il
Ui < U <Yy

we arrive at the result that either u and y
eventually intersperse or we can assume i

Sanjay Harne, et al.

large enough that —

Ui < Y < Yia < Ujyg < Ui < Yo

which is to say that u and y eventually doubly
intersperse and this result in two inequalities :
I:nui + Fn+lui+l < Fn yk + Fn yk+l
forn=1,3,5, .......
and

Fn yk + Fn+lyk+l < I:nui + Fn+lu'+l forn=

2,4,6,......... (2.10)
Eq. (2.7) & (2.9) gives -
2Fu; + 2F U, < Fy (Xj +Yy)

+ Fa (X + Vi) forn=1,35,.........
Through eg. (2.8) and (2.10) we arrive at -
Fn (Xj + yk) + Fn+1(xj+1 + yk+1)

< 2F.u, + 2F U, forn=2,4,6,..........
These inequalities are equivalent to

F X+ Y, — 2U,

Nl i Y forn=1,35,......
I:n 2ui+1 - Xj+1 = Yxu
Foa X; +Y, —2u

L for n=2,4,6,......
I:n 2ui+1_ Xj+1_yk+1

Taking limit n — oo the pair of inequality reduce
to

Xy tYe —2Ua

2u at ~ Xp1 — Yen

Proof of the Converse: Let us suppose
that u,x and y are distinct positive Fibonacci

sequences for which there exist a>1b >1and
¢ >1 such that
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X, Y. _Zua = T(Zuaﬂ — Xpa1 _yc+1)

X, +Y,. —2Uu
this means that 7= —2— ¢ a
2ua+1 ~Xpa ~ Yeu
I:n+l Xt Y. — 2ua

Which gives lim =
n—e I:n 2ua+l - Xb+l - yc+l
Hence there exist i, j and k such that

F

n+l

F 2u;,, — Xia~ Yea

n

X; + Y —2u, |

<&

which gives two inequalities

Foa X + Y —2y,
I:n 2l’Ii+l - Xj+1 ~ Yy
F.. X; + Yy —2u,
& F o 2u.,—Xx. ., —
n l’Ii+l Xj+1 yk+1

or,2F ..u.

n+1-i+1

+2Fnui < Fn(xj +yk)+ Fn+l(xj+l + yk+l)

& 2F l"ln-*-l-’_ZFnui > Fn(Xj +yk)+Fn+1(Xj+1+yk+1)

n+1

or, Fn+1ui+1 + Fnui < Fan + Fn+1Xj+1 (212)
Fn+1ui+1 + Fnui < Fan + Fn+1Xj+1 (213)

I:n+1ui+1 + I:nui < I:n yk + Fn+1yk+1 (214)

I:n+1ui+1 + I:nui > I:n yk + Fn+1yk+1 (215)

Ifweputn=1,3,5............. in (2.12) and
(2.14)andn=2,4,6, ........... in(2.13)and (2.15),
Then combining the result with the condition

Xirm < Vyerm1 form=1,3,5,.......
We arrive at

Ui <Xj <Xji1 <Y <VYia <Uipg <Uip <X

< Xj+3 < yk+2 < yk+3 <u

Hence, distinct positive Fibonacci sequences
eventually doubly intersperse.

<U,, <ieeens

i+3 i+4

Corollary : Suppose that u, x and y
eventually doubly intersperse and that a,b and
c are indices for which equation (2.1) hold,
then

2ua+l ~ Xp1 ™ Yeu = (Fn+1 B TFn)
(2u, — X, —Y,.) forn=0,1,2,..... (2.16)

Proof: The equation (2.2) is equivalent to

1
2ua+l — X1~ Yeu = ;(Xb +Y.— 2ua)

= (FZ - TFl)(ZUa - Xb - yc)
Then
Uy, = Xpp =Yoo = 2(Ugy + U ) = (Xppy + %)= (Ve +Ye)
= (Zua+1 = X _yc+l)+(2ua = X, = yC)
= (1-7)(2u, — X, — )+ (20, =%, — ¥,)
= (1-t+1)(2u, - %, - Y,)
= (2-1)(2u, = %, - ¥,)
= (Fs - TFz)(ZUa = X, = yC)
soitistrueforn= 0,1, 2.
let it be true forn = k

2ua+k ~ Xosk ~ Yok = (Fk+l - TFk )(Zua —Xp — yc)
Now, for n = k+1

2ua+k+1 ~ Xpskna — Yeskn

= 2(ua+k + ua+k—1)_ Xopak = Kokt ~ Yeuk = Yerka

= (250 =Yoo = Your) F(2Ua 1 = X1~ Yeur )

= (Fk+l _TFk)(ZUa _Xb - YC)+(Fk _TFk—l)(zua _Xb - YC)
= (Fk+1 + Fk ) _T(Fk + kal)(zua - Xb - yc)

= (Fk+2 —ZFk+1)(2Ua _Xb - yc)
So the result is true for n = k+1

Hence it is true for every n by Mathematical
induction.

Corollary : Suppose that u, x and y
eventually doubly intersperse and that
a, b and c are indices for which equation (2.2)
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holds, then

Xb+n + yc+n = (Fn+1 _TFn )(Xb + yc)
+2F,(u,., +(r—1u,) forn=0,1,2,....

(2.17)
Proof : The equation (2.2) can be written as

1
Xp1 T Yer = 2ua+1 - ;(Xb +Y _2ua)

= 2ua+l - Tﬁl (Xb +Y. —2Ua)
= 2uaﬁ-l +(1—T) (Xb +Y. _Zua)

=(1-7) (% +Yc)+2(U,, +(z-Du,)
=(F, —7F) (%, + ¥.) +2F, (U, +(z -1 u,)
Similarly,
Xpi2 + Yoo = (F3 —77,) (%, +Y¢)
+2F, (u,,, +(z-u,)

a+l

Hence by Mathematical Induction the result
follows.

Corollary: Suppose that u=(us,u,,....),
X=(X1,X2,....) & y=(y1,Y2,....), are positive
Fibonacci Sequences satisfying
Uy <X, <X, <U, <Uy <X <X, <U, <Ug <........
and
U, <Y, <Y, <U, <Uy<Y;<Y, <U, <Ug <........
Then,

X, +Yy, < (2-7)u, +(r-Du,
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Proof : Taking n=1,a=1,b=1,c=1in

(2.17) gives

X, +Y, =(F, =) (X, +y,) +2F, (U, + (zr - 1u,)
:(1_7)(X1+y1)+(u2 +(T_1)u1)>(xl+y1)

This proves

u,+(r-1u,

(X +Vy,) < =@2-7)u;+(r-DYu,
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