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Abstract

Distinct positive Fibonacci sequences either eventually
intersperse or else doubly intersperse. Necessary and sufficient
condition for the latter case is given and each pair of distinct Fibonacci
sequences eventually intersperse or doubly intersperse .We discuss
that each 3-tuple of distinct Fibonacci sequences eventually intersperse
or doubly intersperse.
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1. Introduction

Interspersions among Fibonacci
sequences can be arranged as array of numbers
with some special conditions. A Stolarsky
interspersion4 is an array of positive integers,
each occurring exactly once, such that the
rows of the array are Fibonacci sequences,
each pair of which eventually intersperse and
such that the first column of the array is
increasing. Among Stolarsky Interspersions
are the original Stolarsky array6, the Wythoff
array5, the golden array3 and the Wythoff dual
array3.  C. Kimberling1 gave an idea that each
pair of distinct Fibonacci sequences eventually
intersperse or doubly intersperse.

Sequences ..),,.........,(...),,.........,( 2121 xxxuuu 

...),.........,( 21 yyy  eventually intersperse if
there exist  i , j  & k such that

0 111   kjikji yxuyxu
...........222   kji yxu  (1.1)

i.e., if hkhjhi yxu    for all 0h .

Sequences ,u x  and y  eventually doubly
intersperse if there exists I, j & k such that

0 2111   ikkjjii uyyxxuu

.......32323   kkjji yyxxu
 (1.2)
If  i is least possible in (1.2), then yx,  double
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intersperses u  from kji yandxu ,  respectively..

A Fibonacci sequence is a sequence
.),.........,( 21 sss   of positive real numbers

satisfying   

21   mmm sss        for 3m    (1.3)

The classical Fibonacci sequence Fm is given
by (1.3) using initial terms
           F1  =  s1  =  1   &   F2 =  s2  =  1
We shall prove that each 3-tuple of distinct
Fibonacci sequences eventually intersperse or
doubly intersperse. Double interspersions yield
pairs of ordinary interspersions2.

2. Interspersion of sequences :

Lemma 1 : Suppose that ,u x  and y
are Fibonacci sequences satisfying

2111   ikjikji uyxuyxu
for some i, j  & k.

Then ,             1  hihjhi uxu

             &      1  hihkhi uyu    (2.1)

Proof :  For h  =  0   and    h  =  1 , the
inequalities (2.1) hold by hypothesis.

Assume for arbitrary 2h  that
  122   hihjhi uxu

&  
hihjhi uxu   11

This gives
 

hihihjhjhihi uuxxuu   11212

Which results in

 
1  hihjhi uxu

Similarly,
 

1  hihkhi uyu .

Lemma 2: Suppose that u,x & y are
Fibonacci sequences satisfying
 anduxandux hmhmmm  

someforuyanduy hnhnnn  
 

,11,1 nandhm 

.uyanduxThen 

         Proof :  Given that  xm=um if xm+1=um+1,
then clearly x = u.

On the other hand, if xm+1<um+1, then xm+2=um

+ xm+1<um+um+1=um+2

And inductively,
xm+h<um+h for all h  1 which is contrary to
the hypothesis.
If   um+1 < um+1  then inductively
um+h < xm+h, for all h  1,  again a contradiction.
Therefore,  x = u .
Similarly, yn = un and yn+h = un+h gives y = u.

   Lemma 3 : If u is a Fibonacci sequence, then
 ,32231   nallforFuFuu nnn

Where   00 F .

Proof :     1,1 2211  uFuF

      &    21   mmm uuu
By induction
Let us suppose that
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Which proves the required result for general n.

Theorem :  Distinct positive Fibonacci
sequences u,x and y eventually doubly
intersperse if there exist  11,1  candba
such that
  11122   cbaacb yxuuyx  (2.2)

Where  denotes the golden ratio,  2/)51( 
Otherwise,  eventually intersperse.

Proof : Suppose that u,x and y are
distinct positive Fibonacci sequences i, j & k
satisfy

 
kjii yxuu 1

This can be further divided into two sub cases:
(I)  ui-1 < ui < xj  and (II) ui-1 < ui < yk
In each of these sub case the following cases
are exhaustive :  (for I)

Case 1:   211   ijiji uxuxu

Case 2:   11   ijji uxxu

Case 3:   121   jiiji xuuxu

In case 1, the sequences  and  eventually
intersperse by lemma 1.
In case 3, there are two sub cases :

 
1211   jiijij xuuxux  (2.3)

 
1211   jiijji xuuxxu  (2.4)

Equation (2.3) yields a contradiction.

By equation (2.4)   311   iji uxu

Now, if  ui+3 < uj+2, then u and x eventually
intersperse by lemma 1.
On the other hand, if
 

3211   ijji uxxu
Then by shifting indices, we have
 

21   ijji uxxu
Which is covered in case 1.
Now case 2, breaks into two cases:
Case 2.1     xj+2 < ui+2

Case 2.2     uj+2  ui+2
In case 2.1, we have
 

11   jijii xuandxuu , so that

 

21

11

.,. 







ji

jii

xuei

xxuu
j

Which gives
 

2211   ijijji uxuxxu
Which implies
 

33221   ijiji uxuxu
So that u and x eventually intersperse by
lemma 1.
In the remaining case that no such h exists,
we have
 

2211   jiijji xuuxxu
..........433   iij uux  (2.5)

Although (2.5) shows xj+h < ui+h for infinitely
many h, at most one of these is xj+h = ui+h



by lemma 2. Likewise, at most one of the
inequalities ui+m  xj+m in (2.5) is actually
 

mjmi xu  
Therefore, in (2.5) we can assume i large
enough that
 

32211   jjiijji xxuuxxu

........43   ii uu  (2.6)
which is to say that u and x eventually doubly
intersperse. From (2.6) we extract two families
of inequalities :

 

1441

1221

3232 









jjjiii

jjjiii

ji

xxxuuu
xxxuuu

xu

                       .
                       .
                       .
 

1111   jnjninin xFxFuFuF   for  n =
1, 3, 5, …………  (2.7)

and    11   ij ux

 

1551

1331

5353
22









iiijjj

iiijjj

uuuxxx
uuuxxx

                       .
                       .
                       .
 

1111   ininjnjn uFuFxFxF   for n =
2, 4, 6,…………               (2.8)

Similarly, if we consider the case II
 

kii yuu 1

we arrive at the result that either u and y
eventually intersperse or we can assume i

large enough that –

 
2211   kiikki yuuyyu

..........433   iik uuy
which is to say that u and y eventually doubly
intersperse and this result in two inequalities :
 

111   knkninin yFyFuFuF
      for n = 1, 3, 5, …….   (2.9)

and
 

1111   ininknkn uFuFyFyF   for n =
2, 4, 6, ………     (2.10)

Eq. (2.7) & (2.9) gives -

 )(22 11   kjninin yxFuFuF

)( 111   kjn yxF     for n=1, 3, 5,………

Through eq. (2.8) and (2.10)  we arrive at -

 
111 )()(   kjnkjn yxFyxF

1122  inin uFuF  for n= 2, 4, 6, ……….
These inequalities are equivalent to
 

111

1

2
2










kji

ikj

n

n

yxu
uyx

F
F

 for n=1,3,5,……

 

111

1

2
2









kji

iki

n

n

yxu
uyx

F
F

  for n=2,4,6,……

Taking limit n  the pair of inequality reduce
to

 

1112
2

 



cba

acb

yxu
uyx



         Proof of the Converse:  Let us suppose
that u,x and y are distinct positive Fibonacci
sequences for which there exist  1,1  andba

1c  such that
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  )2(2 111   cbaacb yxuuyx 

this means that
 

1112
2

 



cba

acb

yxu
uyx



Which gives 
 

111

1

2
2lim





 



cba

acb

n

n

n yxu
uyx

F
F

Hence there exist i, j and k such that
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
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
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1

2
2
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ikj

n

n

yxu
uyx

F
F

which gives two inequalities

 

111

1

2
2










kji

ikj

n

n

yxu
uyx
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&
 

111

1

2
2










kji

ikj

n

n

yxu
uyx

F
F

or, )()(22 11111   kjnkjninin yxFyxFuFuF

&  )()(22 11111   kjnkjninnn yxFyxFuFuF

or,  1111   jnjninin xFxFuFuF     (2.12)

       1111   jnjninin xFxFuFuF    (2.13)

      1111   knkninin yFyFuFuF    (2.14)

     1111   knkninin yFyFuFuF  (2.15)
If we put n =  1, 3, 5,………….in (2.12)  and
(2.14) and n=2, 4, 6, ……….. in (2.13) and (2.15),
Then combining the result with the condition
xj+m < yk+m-1 for m  =  1, 3, 5, ….....
We arrive at
 22111   jiikkjji xuuyyxxu

.......43323   iikkj uuyyx
Hence, distinct positive Fibonacci sequences
eventually doubly intersperse.

Corollary : Suppose that u, x and y
eventually doubly intersperse and that a,b and
c are indices for which equation (2.1) hold,
then

 )((2 1111 nncba FFyxu   

)2)( cba yxu    for n = 0, 1, 2,…..   (2.16)

      Proof: The equation (2.2) is equivalent to
 

)2(12 111 acbcba uyxyxu   
)2)(( 12 cba yxuFF  

Then
 )()()(22 111222 ccbbaacba

yxuyxu
yyxxuuyxu


 

)2)((
)2)(2(

)2)(11(
)2()2)(1(
)2()2(

23

111

cba

cba

cba

cbacba

cbacba

yxuFF
yxu

yxu
yxuyxu
yxuyxu







 






so it is true for n =  0, 1, 2.
let it be true for n  =  k
 )2)((2 1 cbakkkckbka yxuFFyxu   
Now, for n =  k+1
 2 111 kckbka yxu


 

)2)(()2)((
)2()2(

)(2

11

111

111

cbakkcbakk

kckbkakckbka

kckckbkbkaka

yxuFFyxuFF
yxuyxu
yyxxuu













 

)2)((
)2)(()(

12

11

cbakk

cbakkkk

yxuFF
yxuFFFF











So the result is true for n = k+1
Hence it is true for every n by Mathematical
induction.

Corollary :  Suppose that u, x and y
eventually doubly intersperse and that
a, b and c are indices for which equation (2.2)
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holds, then

 ))(( 1 cbnnncnb yxFFyx   

))1((2 1 aan uuF     for n = 0, 1, 2,….
 (2.17)

  Proof : The equation (2.2) can be written as

 
)2(12 111 acbacb uyxuyx   

     
 )2(2 1

1 acba uyxu  
 

      )2()1(2 1 acba uyxu   

  ))1((2)()1( 1 aacb uuyx   

     ))1((2)()( 1112 aacb uuFyxFF   
Similarly,

 
cbcb yxFFyx )()( 2322   

 aa uuF )1((2 12    )

Hence by Mathematical Induction the result
follows.

           Corollary: Suppose that u=(u1,u2,....),
x=(x1,x2,....) & y=(y1,y2,....), are positive
Fibonacci Sequences satisfying
 ........544332211  uuxxuuxxu
and
 ........544332211  uuyyuuyyu
Then,
 2111 )1()2( uuyx  

Proof : Taking  n = 1, a = 1, b = 1, c = 1 in
(2.17) gives
 ))1((2)()( 121111222 uuFyxFFyx  
  )())1(()()1( 111211 yxuuyx  
This proves
 

21
12

11 )1()2(
)1(

)( uu
uu

yx 


 


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