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Abstract

The unsteady flow of a dusty conducting viscous incom-
pressible fluid through porous medium in a long rectangular channel
under the influence of uniform magnetic field and a time dependent
pressure gradient has been studied. The particular cases when the
pressure gradient is (i) an absolute constant, (ii) periodic function of

time, (iii) an exponentially decreasing function of timeand (iv) Cte ",

have been discussed in detail.

Introduction

Interest in problem of mechanics of
systems with more than one phase has developed
rapidly in recent years. The study of fluids having
uniform distribution of solid spherical particles
is of interest in a wide range of areas of technical
importance. These areas include fluidization
(flow through packed beds), flow in rocket
tubes, where small carbon or metallic fuel
particles are present, environmental pollution,
the process by which rain drops are formed
by the coalescence of small droplets, which
might be considered as solid particles for the
purpose of examining their movement prior to
coalescence, combustion, and more recently,

At

blood flow in capillaries.

Saffman’’ has expressed a model
equation describing the influence of dust particles
on the motion viscous fluids. Later on the large
number of dusty viscous flow problems have

been investigated by Marble'®; Michael and
Miller'4; Michael and Norey'®; Verma and
Mathur (1973); Gupta®; Srivastava (2002);
Sanyal and Dasguptal®; Gireesha and
Bagewadi®®; Gireesha, Bagewadi and Venkatesh
(2007); Gireesha,Venkatash and Bagewadi’

and Elangovan and Ratchagar* (2009) etc.
through channels of various cross-sections under
the influence of time dependent pressure
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gradient. The basic theory of multiphase fluid
flow has been given by Soo?.

Singh, Lal and Sharma'®; Bhatnagar
and Bhardwaj®; Mal and Sengupta®?; Mishra
and Bhola®®; Varshney and Singh??; Kumar, Jha
and Shrivastaval®!!; Singh, Singh and Jha®;
Agrawal, Agrawal and Varshney! and Agrawal

and Singh? etc. have discussed the unsteady
flow of dusty fluid through porous medium in
the different type of channels with time
dependent pressure gradient*,

The present paper is concerned with
the flow problem of a conducting viscous
incompressible fluid with embedded non-
conducting small identical spherical particles
through porous medium in a long rectangular
channel under the influence of uniform magnetic
field applied perpendicularly to the flow of fluid
and a time varying pressure gradient, taking
the fluid and dust particles to be initially at rest.
The expressions for velocities of conducting
fluid and non-conducting particles are obtained
by using Finite Fourier Cosine and Laplace
transforms. The particular cases when (i) the
pressure gradient is an absolute constant, (ii)
the the pressure gradient is a periodic function
of time, (iii) the pressure gradient is an
exponentially decreasing function of time, and
(iv) the pressure gradient is Ct, have also been
discussed in detail

Equation of the problem :

Using the rectangular cartesian coordinate
system, the walls of the channel are taken to
be the planes x =+ a and y = = b. The fluid
and dust particles velocities u(x,y,t) and v(x,y,t)
respectively, are in z-direction i.e. along the
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axis of rectangular channel. A uniform magnetic
field is applied perpendicular to the planes
y = + b of rectangular channel. Taking the
number density of non-conducting dust
particles to be constant throughout the motion,
the appropriate momentum equations of motion
through porous medium , after introducing the
electromagnetic force obtained by Soo?! (1968),
are:

du  1dp N d0%u N d%u
at  poz Viox2 dy?
KoN, oB2 v
+ (v—u) p U= U (1)
dv Ko k' op
it M =) p 0z (2)

where u and v denote the velocities of fluid
and dust particle respectively; p is the fluid
pressure; M, the mass of a particle; Ko, the Stokes
resistance coefficient, which for spherical
particle of radius r is 6y, p being the viscosity
of the fluid; No, the number density of particle;

t, thetime; £, Pp and Py, are density of fluid,
mass density of particle and material density of
the particle respectively; v = u/p, thekinematic
viscosity of the fluid; By, the magnetic inductivity;
o, the electric conductivity; K the permeability

of porous medium and k' = p/p,.

It is assumed that effect of the induced
magnetic field and the electric field produced
by motion of the electrically conducting field
is negligible and no external field is applied.
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The dust particles are non-conducting.

Introducing the non-dimensional quantities

x*=£,y*=}_],2*=£,
a a a
p _Wp:t_;t;

u*=E K*—£ 17*—m
v’ az’ v

Equations (1) and (2) become (dropping stars)

ou dp [(0*u d%u , 1
E=—E+<ﬁ+m)+ﬁ(v—u)—Hu—Eu
(3)
617_ ) i dp
a_t_y(u_v)_ Qg (4)
where
ﬂzK_ézNoKoaz K,:NOM
y pv 0T p
_ Mv 3 ,_1 v
V_Koaz ;V—y; Q_a
and

’a
H = aB, ; (Hartmann number)

Initially, the fluid and particles are rest.
The flow takes place under the influence of
time dependent pressure gradient with no-slip
boundary conditions. From symmetric conside-
ration, the flow in region x > 0,y =0 is
considered. Accordingly, the boundary
conditions are:

Magnetohydrodynamic unsteady flow---dependent pressure gradient.

t>0 w(lLyt)=07 0<y<Hh
U(l,y, t) = 0 (5)

a—u=0 6_17:0 atx =10
ox " ox
and
u(x,h,t) =0 0<x<1
U(X, h, t) = 0} (6)
a—u=0, 6_17:0 aty =0
dy dy

where h = b/a
Solution of the problem :

For solving the problem, we choose
the finite cosine transform defined as
1

u(m,y,t) = ju(x, y,t) cos g, x dx (7)
0
h

u(x,n,t) =fu(x,y, t)ycosqny dy  (8)
0
where

2m+1 2n+1
W=7 T 4=

1A

It can be shown that the inversion
formula for finite cosine transforms defined
by (7) and (8) are given by

u(x,y,t) =2 Z u(m,y,t) cosqmx (9)

m=0
and

2% _
u(x,y,t) = Ez u(x,n,t)cosq,y(10)
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Multiplying equations (3) and (4) and
then integrating twice within the limits 0 to 1
and 0 to h and using the boundary conditions
(5) and (6), we get

ouU B (_1)m+n " "
Frie Wf(t) —(qm +a)U
1
+ BV —-U) - (H2 +E> U (11)
(_1)m+nk1Q
Frinid 'U-v)- Wf(t) (12)
where

1 h
U =ffu(x,y, t) cos g, x.cos g,y dx dy
00
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1 h
|4 =ij(x,y, t) cos q;ux. cos g,y dx dy
00

and

Again, applying Laplace transform to
equations (11) and (12) under the transform
initial condition

U=0, V=0,at t=0
we get

_ (—1ymtn _ 5 - _ S -
SU=—f(s)—(qm+qn)U+ﬁ(V—U)—(H +—)U (13)
AmAn K
_ R (—1)™*k'Q _
sV=y U-V)- f(s) (14)
AmAn
where U, V and f(s) are the Laplace transforms of the respective quantities.
Solving equations (13) and (14), we get
- (D)™ (s +vy' = k'QB)f(5)
AmAn (S - 6(1)(5 - “2) (15)
7o (D)™™ y'(s+y' —k'QB) ]f( 9
Gndn |G +7)(—a)(s —ay) (S +7v) (16)
where
_ e, 2,1 5 2 ' .1 5 2 :
a, > y'+p+H +K+qm+qn +ily' +6+H +K+qm+qn



108 Magnetohydrodynamic unsteady flow---dependent pressure gradient.

1\ 1/2
—4y’ (qfn +qn+ H? + E>} ]

and
2

__E ! H? i 2 2\ _ r H2 i 2 2
a=-3 y +B8+ +K+qm+qn y +B+ +K+qm+qn

1\ /2
—4y’ (q,% +qn+ H” + E)} ]
are the roots of the equation
1 1
s+ (y' + B + H? +E+q3n+q,%)s+y’ (Hz +E+q’2" +q,%) =0

Now to obtain u and v, we may invert the Laplace transform by convolution theorem
and then applying the inversion formulae for the finite cosine transforms, we get

4 © )m+n
E z ff(t —m{Ae“" + A,e"}dn
X COS ¢y, X. COS QY (17)
and
4 © © ( )m+n ,
v=g > Y [ =y Bre T + Bre®n) + Be
h £a Za qpuay
m=0n=0 0
X COS @ X.COS qry (18)
where
(a; +y' = k'QB) (a, +v' —K'QB)
1 = ) AZ = - )

(a; —ay) (a; — a3)

A A, { Y'B }
By=—"1 _ B=—"2 _ B =-11+ ! _{grg
! 2 3 (a; +y)(ay +v")
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Particular cases :
(i) When the pressure gradient is constant :

Substituting f(t)=C (where C is an absolute constant) in the above equation and on
simplifying, we get velocities of the fluid and dust particles

w o0 n , ,
_4C (_l)m n[y —k Q'B_l_ﬁeﬂht_l_éedzt

u__
h £a Za Gy a,a; a a;
m=0n=0

40 (D™ (Y —K'QB K'Q\ ¥Y'By .,
v=—§ E -— |+ et
h £u s qpqn aa; 14 ay

m=0n=0

+)/,ﬁea2t k,QBg
ap Y

(i) When the Pressure Gradient is periodic Function of Time :

] COS @y X. COS Gy (19)

ot
e’V ]COS QqmX.COS qny (20)

Substituting f(t)=C sin wt (where C and o are constants) in the above equations and on
simplifying, we get velocities of the fluid and the dust particles.

[00] [00) +
u =£ D)™ wAi, ol 4 wA, pat
h Imdn |(@f + 0?) (a2 + w?)
m=0n=0
W+ (' —KQB2 "
(a’f n wz)(ag T oD sin(wt — Y,)| cos q,,x.cosq,y (21)
and
b E Z Z (-D)™"[ y'wB, St vy 'wB, ot 4 wB; —
h Amn (af + wZ) (a% + wZ) (VIZ + wZ)

+

, w?> + (y' = k'QB)* vz
' {fo ¥ oD@+ o) wz)} sin(@t = ;)
k'Q
T

zy172 Sin(@t - l/)g)] COS G X. COS ¢y (22)
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respectively,
where

(iii) When the Pressure Gradient is Exponentially Decreasing Function Time :

Substituting f(t)=Ce™ (where C and A are constants) in the above equations and on
simplifying, we get velocities of fluid and dust particles

B 4C (=)™ [ ' —k'QB — A e Aq .t
(ay

u=— e + e
h £La La Gy + D(a; + 1) (a; +4)
m=0n=0
Az a,t
@, + ) e COS 4, X. COS Y (23)
and
4C < « (—Dmn "' = k'QB — A k'
vz_zz( ) l{ ,V(V ep-N ,Q }e—“
h =0 n=0 Amqn ()/ - /1)(0—'1 + A)(“Z + /1) ()/ - /1)
ﬂ a,t ﬂ azt _ @ -y't
+ @ + ) e 1+ @, + 1) e 0 —A) e COS gy X.COS qny (24)

respectively.

(iv) When f(t)=Cte ™

The velocities of the fluid and the dust particles are

_4‘C o o (_1)m+n

Al a.t AZ
— [ el +————e
h Amqn L(a; +21) (ay + 1)

m=0n=0
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Y —k'Q -2
+ {(al T, + )

QA+ a; +a)(y' —k'QB) + (ara; — 2%) } —,11:]
+ e
(a; + 1)?(ay + 1)?

X COS @ X. COS qpny (25)
and
4C O O (D)™ y'B 'B B :
v:—zz( ) [ y 1 Zea1t+y—226a2t+,—328_yt
h =0 n=0 Amdn (al + /1) (0-’2 + A) (V - /1)

+{ (' —k'QB-=MDy't +(V'—k'Qﬁ)D

@' —D(a; + D(ay + 1) a;apA
Fo{y' —MDt—1} _,,
_ Y e COS @ X.COS qny (26)

respectively,
where

D = [{(a; — ax)(as +y")(ay +y)(ay + V(e + D*@' = D' — k'QB)
+ay' (' —k'QB + a)(ay +v)(az + D*(y' = D? — agy'2?
X' —k'QB + az)(ay +y)as + D)?(' — D? + a1a,A°k'QB
X (ay — ax)(ay + D)*(ay + D)? + aya,y' (K'QB —y' + D(ay — ay)
X (a; +y ) az +y)(ay + D(ay + DG = DIAG - k'QB)

X (a; — az)(ay +y")(ay +y)(ay + D?(az + V(' = D3

Discussion magnetic field.

Evidently the velocities of fluid and the In the particular case (iv), if we put
dust particles will be slower due to the presence  A=0, the velocities of the fluid and the dust
of porous medium and the applied uniform particles can be obtained for a linearly time
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dependent pressure gradient.

If H=0, all the velocities expressions
for fluid and dust particles can be obtained in
the absence of magnetic field under the influence
of various pressure gradient and also if K'=0,
the results are in agreement with those of Gupta

and Gupta® (1976).
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