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Abstract

In the present paper, we study approximation of signal
cesaro operator involving Langrange interpolating polynomials. Here
signal is a function which is use in form of the Jacobi Polynomials.
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1 Introduction

Let C[-1, +1] be the set of all real valued
continuous functions defined on the interval

[-1,+1] and p(@A)(x) denotes the n™ Jacobi
polynomial of order o, f > -1. The set
{)p@P} (n=012...) is a complete

orthogonal set of Jacobi polynomials having
its zeros spread over [-1,+1].

The Jacobi polynomials p(*A)(x) is

defined as the solution of the homogenous
differential equation of second order.

Q-x)y+{(a+1)-(a+p+2)x}y+n
(n+a+p+l)y =0 (1.1)

It is known (Szeg6*) that the differential

equation (1.1) has a polynomial solution

y=c p@h () (1.2)

Which is not identically zero.
The Jacobi polynomials also satisfy

the Rodrigues formula:

n

(_1)n d n+a
2t |ax [V
(1.3)

(1X)4(1)P p@P(x) =
(1+)™7)}
a, B are arbitrary (see Szegd*). For a =B =0,

the Jacobi polynomial reduces to the well
known Legendre polynomial.

For a continuous function on the
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interval [-1,+1], first we define the uniquely
determined Lagrange interpolating polynomials
of degree < n-1 as follow

Ly 0 =

£ £ () @B ) (1.4)
k=1
Where
(@B)
@B () = L C))
b () = r(as)(xas))(x NN (1.5)

P(a’B).

And x{%P=x _(k=1,2....,n) areroots of P,

AxEP D, < xS <D

(1.6)
It is well known that

kill,((“ﬁ) (xX)=1(see Szegd)*, (14.1.5)) (1.7)
(n=1,2,...)

We have studied a polynomial (say) “Cesaro
Lagrange interpolating Polynomial”, which has
better convergence property in [-1,+1]. We
define it in the following way?>®:

SEELx= i LS F () @)

Now, by Lgla’ﬁ) (1, x) = 1, we have

| 0-SE(F.L XI=f (0- = Zn 157 f (o)

13 (a 1 :
:lf (x) ;Vz::ngaB) (1, x) - - Vz::l szaﬁ) f (X)l
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- %Lﬁl{f (x) - LP) (¢t ,X)}|

<= 3| f()- LS (F 0

v=1

1n
==2
nV:

f () - z f Py (=P (x)|

_12 < (@p) g @By ;(@B)
_;V§1|f(x) 2P -2 1) (x1

=2 |3 (00~ F ™) 1P )

n y=1]k=1

_ilvy

n y=1k=1

f(x) - f %) 1P (x)(1.9)

2. Main Results

Concerning the convergence of
Lagrange interpolation Vertesi, P.O.H.® has
given the following theorem.

Theorem: If x is an arbitrary point
from (-1,1) then there exists an f (x) eC[-1,1]

a sequence {on} and 0 < ny <ny <.... Such
that

) 1
L% (¢ 3%~ £ (%) > log nen ;] (2.1)

(n=ny, Nz, N3....., X* = £1; a, f>-1; x*e(-1,1)
We consider a subspace lip & (0 <8 < 1) of
C[-1, +1) suchthatf eC [-1,+1] for allx, y
[-1,+1], there exists a constant M, so that

| f)-f)<MIx=-y?, 0<5<1)(2.2)

Itis natural to think beyond the continuity
of the function. In this regard, for f ¢ lip & (0
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< d < 1), we not only find the convergence of
the operator S,% (f ,L,,x) but we also deduce
the rate of convergence which we call the
degree of convergence of S1. Moreover it is
traced that the function f is represented by
the interpolatary polynomial S1. Precisely, we
prove the following:

Theorem 1: Letf e lipd (0<d<1)
Then

I 0)-Sq (f LX) |,y = OQ) (2.3)

for -1 < a <-%, and B arbitrary, S} (f,L,x) is
defined by (1.8)

To prove the theorem we need the
asymptotic orders of zeros of Jacobi
polynomial and certain known results about
Jacobi polynomials, which are as follows.

Lemma 1: Szeg6* page 169 (7.32.5)

-o-Y2 O(n—l/z) : C/n <0< T[/2
PLP)(cos 0)= (2.4)
O(n) 10<0<%/p

Some known results from Szega*

049 =0, = ~[kw+01)] (k=12 ....... nsn
=12,....) (2.5)
1P, (P (cos G-k 02 (0<0,<7/; n = 1,
2,...) (2.6)

Let x=-cos O, x =cos Hk (k=1,2,....n)
Xo = 1, and Xne1 = -1
Then

2cg -0 < %2 (k =0,1,...n) (see Vertesi®)

n k+1 "k
(2.7)
with0 <c;=c¢; (a,p) andc, =c; (a,p)

and | X=X« | ~n? 2=k | ifx e [Xu, x]

(k=0,1, ....n+1; k=], j+ 1 (see Natanson’s
G.l.! Lemma 1 and 2)

Further

PR (x) = (1) P D () (2.8)

AP =~ (1- %) [RI“P (x)]? (2.9)

7\4k - 9k2a+ln—1 - k2a+1n—2a—2 (O < ek < - 8)
(2.10)

where Ak are the christoffel number (Szegé?,
(15.3.14)).

If Xj = X; be the nearest root of x, then we
write

i=| k—j | for k =jandi=1for k =j (2.11)

We often use

10- 6 |~ %,(k;«fj) (2.12)

Proof of the theorem 1 :
Forfelip 6 (0 <4 <1), we have
[F)=Fx)|<M|Xx-xP

Then by (1.9), we get
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n \
1 - a,
1109 -S3 (L) lrany <M 2| X x-xf 10900

\

To make the analysis crystal clear, we estimate the interior sum " kZ " as given below
-1

for a replaced by o + 1.

S -k PP (=07 i

k=1 | X —

_ (at+1,p)
where X = X,

is the k™ zero of the v
polynomial pC+1A) (x) .
=Y+ 3 + ) +

k=] |x-x|<e @+1,B) x-x>€ (a+1,B)x-x>¢ (a+1,R)

I+ 1 + Il + IV
Now, we consider |

For k = j, we have

Péa+1,[?) x0) P£a+1,ﬁ) (x))

(X—Xj)

— Pvr(a+1,ﬁ)(xj)

Then,

Pv(a+1,,8) (X) — (X ) Xj) Pvl(a+1,,8) (Xj)
{since PL*P) (x) = 0}

So,
=0 {}x- xj|6 1}
=0{( )}
=0O(v) (2.13)

Now we discuss I1.

Pv(a+1,ﬁ) (X)

Xk |8 ! 1,
PP ()3 — xp0)

Since [x — Xk|< € (a+1,B)=> k=n and [x—X| ..%

Let x — cos 8, xx— cos Gxand here we
will conclude for 6 < @ and 0 < 6y respectively,
o)

=+ 1,

6<0 0< 6,

First we discuss Il

Here 6 < 6

Case (a): ZC_;ses g 20> 0 but <0, 50 0 ~6;

Then

n=0l} o
-
1 XX P R () (x - x)
\4 6-1 y— —1
=Q 3 0~ 32v7" | ising (2.4) and (2.6)
k= o572 yot3
S|
:O{
k=1

J—0—3/2y % . _k
ey (since 6~6,”5

k
v




Approximation of Signal by Cesaro---on Jacobi Polynomials. 37

(2.14)

O
QO
(72
@D
~
(=)
N

SRS

s@sg,zek<9,509k20(e)

P1Ea+1'ﬁ) (x)
P () (=)

E‘ &1 g-a-3/2,~% }
v k—a—-5/2 ya+3

(as estimated earlier)

I, = Of{2k=1 |x — xk |8

k=1

=0(@)

(2.15)

Now, we calculate Il
Here 0 < 6

Case (a): 0<0< ;—; Now by (2.7), 20 < 6
So,  X-X¢ =cos 6 -cos b < OZ

e, |x-x|<®
v2

So

v (@+1,8)
11=0 {kzl| xox P BT }
= (a+1,
P, () (x = x)

v 6_1 a+1
o{z X=X, | ”—}
k=1 k—(x—5/2 pot3

Using (2.4), (2.6) and (2.7)
k=1

o-1
v2k* }

and x x>0 (2.16)

k2
v2

=0 Jy® i K2+et1/2
k=1

-0 {V-26V28+a+3D 2}
-0 {Va+3/2}

. C1 7T —
Case(h): 5, <0, 2020, but0<0,=0~0,

v S-1(p—a—3/2p—%
I,=0 k§1 | X— Xkl k—=5/2 pa+3

using (2.4) and (2.6)

V &-1 3/2+0+5/2y ja+3/2-1/2-0-3
= kz k—a- o Ve -1/2-a-.

{since 6 ~ 6 = %}

(2.17)

- O {kE‘l V-E-lkﬁ}

=0(1) (2.18)
Case (C) : o <9<Zand20< 0,. As in case
2n 2
(@), we get
I!z_: O {v+32} (2.19)
On combining (2.14) to (2.19), we get
=0 {v3%} (2.20)
Now we take IlI
1
Z 8 Pv(aH'B)(x)
I=0",2 - e
{I;(-_X];(>€ | g Xkl Pv( llﬁ)(xk)(x —X)

k

v

v 5 9—a—3/2v—1/z
=0 >
k=1 k—a—5/2 pot3. ¢
VLS
- O{Z SI k—a-3/2+a+5/2va+3/2-1/2-(1-3
k=1
v 1)
= O{ > |E| kV'Z}
k=1v

=0@)

(2.21)
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At last we estimate IV

2 S | (@18)
xk-x>e|X'Xk| Ik

Sincexk—x>s>0

IV=0

1
< =
X—Xp €

So

Thus it can also be estimated as in case IlI,
that is

IV =0() (2.22)
On combining the results obtained in (2.13),
(2.20), (2.21) and (2.22), we get

\

2 |xex, 19 1 1(x) =0(v)+O(v**¥2)+ O(1)
Now replacing a+1 by o, we get

\

2 |xex, 19 1= 10(x)=0(v$)+O(v*2) + O(1)

Thus, we have
I 0-SEE.Lx) | 11= O(v)+O(v*™)+ O(1)

For 0 < < 1, under supremum norm
I (-Sa(F.Lx) I, = OL)

For all -1 <o <-% and B arbitrary.

Ultra Scientist Vol. 27(1)B, (2015).

This completes the proof of theorem 1.
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