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Abstract

In the present paper, we study approximation of signal
in Lebesgue function by a system of wavelet. Here wavelet i.e. in terms
of Coifman wavelet system and signal is a function which is use in form
of the Legendre polynomials. We have used Legendre polynomials,
thus general case jacobi polynomials.
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1-Introduction

We write X to denote both of the
spaces C and LP. C is the space of all continuous

functions on [-1, 1] and L? (1 < p< «) are
space of p-power Lebesgue integrable
functions on [-1, 1]. The expansion of function
f (xX) eXatx=cosO in term of Legendre
polynomials is given by

f(cos@) ~ ZanPn (cos@)

n=0

SUn (cosh) ,

(1.1)

(say)

Where

a,=(n+ %) fonf(cosw) sinwP,(cosw)dw  (1.2)

Pn (cos8) is n™ Legendre Polynomial and the
integral in (1.2) is presumed to exist.
We write

f(w) = {f(cosw) — A} (1.3)

00,00 = 0a(f) = ) anysolcosd) (1.4)

v=0
And

n
$,(c0s0) = )" @ pi(cos)  (15)
k=0
is the v?" partial sum of the series (1.1). any is
an element of n™ row and v column of the
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lower-triangular infinite matrix.
eg.

n
ank = 0,(nk = 0,1,2,.....),Zan,k =1 (1.6)
k=0

nk = Ani+1,(k=0,1, ...... ,n-1;n=0,1,...
(1.7)
Theorem A. Let (anx) satisfy (1.6)

and (1.7) and o(t) and H(t) be such that

Tt rw(t) .
fu 7050 —cost = 0{Hw)},u -» 0+ (1.8)

Where

H(u)=0 (1.9)

And

t
[ Heoau =0t ©) € »0" (L10)
0
Then

lon(f) = fllx = OfanoH(ano)} (1.12)

In case, we choose a matrix such that a,o—0
as n—oo, then

lon(f) = fllx =0(1) asn—>o (1.12)
Where a,,(f) is the matrix transform of the
series (1.1) as given in (1.4).

Thus

0alf10,X) 2 0(f) = )ty ) ay Pelcos0)

v=0 k=0
v n
= Z ay P, (cosB) Z Ak
k=0 v=k
= Co Po(cos) + C1 Py (cosh) +...
+C; Py (cosB) +....C, Py (cos)

= Z C, P.(cos@) (1.13)
k=0
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Where

Cr = (a, Z?=r an,v) (1.14)
Thus 6,(f), define as above, is a linear
combination of Legendre Polynomials of

atmost degree n and therefore it is a polynomial
of degree n.

We know that the Legendre Polynomial
Pn (x) is define as:
Po (X) =1
P1 (x) =x
and recurrence relation any three consecutive
Legendre Polynomials is given by
(2n+1) x Pa(X) = (n+1) Ppsa (X) + N Ppg (X)

(1.15)

(see szegee[ 12, page 71, eqn.(4.5.1) for a=0 =p)

Thus the Polynomial a,, (f) givenin (1.13) is
a Polynomial in x = cos6 and its degree is n. It
is n-times differentiable and its n™ derivative
is constant. Its N (N > n) derivative which
will be zero, exhibit that it is continuous. By

CY(R) we mean the space of all function f(x)

which are n times differentiable with N*
derivative continuous and tending to zero as x
—o0 on R. In all we conclude the following
proposition.

Proposition: The polynomials
o,(f,0,X) givenin (1.12) is N (N>0) times
differentiable and N* derivative is continuous

on R.
This show that

o0 (f) a2 ) € CY'(R)  (1.16)

Where y11,15(X) is characteristics function on
[-1.1].
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We apply the following theorem of Tian and
Wells® Jr. (see Resnikoff and Wells®, Jr., page
206) to get our approximation results.

Theorem Ti:

For an orthogonal Coifman wavelet
system of degree N with the scaling function
o(x) and scaling vector o, assume a has finite
length. If f(x) € CoN (R), define for j € N

SO = 272 Thea f() o (¥) (1.17)
Then

If () -Sifx) 2 <c2M (1.18)

Where C depends only on f(x) and the scaling
vector a. 57 (f)(x) is called wavelet Sampling

Approximation of the function f(x) at the
level j.

Theorem T,:

Under the same hypothesis as in theorem T,

I () - PIR)(x) > <C27/V  (1.19)
Where C depends only on f(x) and the scaling
vector a, and

PI() =Xier (f, (F@@jexdx ) (¥ (1.20)

is called Wavelet Orthogonal Projection.
2. Main Result

Theorem 1 :

For an orthogonal Coifman wavelet
system of degree N with the scaling function
¢(X) and the scaling vector @, assume o« has

finite length. Iff ¢ LF (1<p <o), forp=o0

it is assumed that f is continuous. Define for j
€ N, the wavelet Sampling Approximation

) =27 Y [ () () o) (2.2)

Then, there exist npe N such that
() -S7 (0 x22)X) Ik <C277V(2.2)

Where C depends only on f(x) and the
scaling vector a. ¢(x) is scaling function while
the corresponding orthogonal wavelet basis is

{oi(9)}-

S ( G, x11) (X) is called the Wavelet

sampling approximation of the function f(x)
at the level j. Here we denote (fg) (x) = f(x)
g(x). Again we define the Wavelet Orthogonal

Projection with respect to function o, as :

P (o) = ) ( | 11an(r><a,k(t)dt) ox@ (2.3)

keZ -

Our next theorem on Approximation
by Coifman wavelet system is given below.

Theorem 2:
Under the same hypothesis as in

theorem 1 if fe L¥ (1< p < o), then there exist
an integer no ¢ N such that

I () - P (0 %22)(®) [Ix <C 27N (2.4)
where the constant, C depends only on f and

scaling vector a, and P~ is as given in (2.3).

Theorem 2: By (1.12), we have
0 (f) = f Ik =0(1)

as N—oo
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i.e. for every € > 0, there exists an integer ng
such as that n > ny, then

| on(f) = flix <e (2.5)

Thus, for every positive integer jand N, setting
e=2""" we have

” Un(f) - f ”x <C; 27N (2.6)

Now, for ng > ny,
100 =S (Ong 2101.21)X) lIx < 1| F(X) = 0 (F) Il
+ 1 0, (f) - S7 (0, a2 )X) lIx

<etc ong(f) -S7 (On 111X IIL°
<Cy 2 /N+ C327/N(by (2.6) and
theorem T, for ng > ny)
>C 5
As it has been shown that g, (f)e Cy (R).

Therefore X and L? norms are defined for o,
and S 1.

This completes the proof of theorem 1.

Ultra Scientist Vol. 27(1)B, (2015).

Proof of theorem 2 : In view of the
proof of theorem T, it is clear that the proof
of theorem 2 follows on the lines of theorem
1.

Thus the proof of the theorem 2 is complete.
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