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Abstract

In this paper for the first time groupoid matrix semirings are
introduced and their properties are analysed. A matrix groupoid or a
groupoid matrix is a collection of p × q matrices with entries from a
groupoid (G, *) where groupoid matrix inherits the operation of G. Here
chain lattices are used as semirings and groupoid matrix semirings are
non associative semirings of finite order, as both the groupoids G and
the chain lattices are of finite order.
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1. Introduction

This paper is organized into three
sections. Section one is introductory in nature.
Section two defines groupoid matrix semirings
and the special properties associated with them
are derived. The final section give conclusions
based on this study. Here we just recall the
definition of matrix groupoids and give some
examples of them.

Definition 1.1: Let (G, *) be any
groupoid. M = {Collection of all p × q
matrices with entries from G; ×n} is defined
as the matrix groupoid. (×n operation acts
natural product on matrices with induced
operation * 4).

We will illustrate this by an example.

        Example 1.1: Let {G, *} = {Z5, *, (4,
1)} be a groupoid.

M=

 
1

2

3

a
a
a

 
 
 
  

|aiZ5, 1 i3, ×n}

is a matrix groupoid. Here if

x=
3
2
1

 
 
 
  

and y=

0
1
3

 
 
 
  

M.

      x n y =

 3
2
1

 
 
 
  

×n 

 0
1
3

 
 
 
  

 = 

 3*0 2
2*1 4
1*3 2

   
      
      

.

Throughout this paper we use only groupoids
built using Zn.
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2. Groupoid matrix semirings and their
properties :

In this section the notion of groupoid
matrices (or matrix groupoid using Zm is defined
using the groupoids, G={Zm, *, (t, s), t, s Zm}.
The semirings taken in this section are only
finite chain lattices; Cn = 0 < a1 < a2 < … <
an – 2 < 1 (n a positive finite integer). Let
Mp  q = {Collection of all p  q matrices with
entries from Zm; (t, s), *; t, s  Zm, n} be the
groupoid matrices of order p q. CnMpq is the
groupoid matrix semiring defined as in case of

usual groupoid semirings introduced in 1. First
a few examples are given for the better
understanding of this concept.

Example 2.1: Let M = {Collection of
all 1  3 row matrices with entries from Z9, (3,
6), } be the groupoid row matrix (row matrix
groupoid).

Let C5 = 0 < a1 < a2 < a3 < 1 be the
chain lattice of order 5. C5M is the groupoid
row matrix semiring of the groupoid matrix M
over the semiring C5.

Let
x = a1(2, 0, 1) + a2(0, 0, 7) and y = (7, 8, 4) + a3 (1, 2, 3)  C5M.

x + y = a1 (2, 0, 1) + a2 (0, 0, 7) + (7, 8, 4) + a3 (1, 2, 3)  C5M.
x  y = (a1 (2, 0, 1) + a2 (0, 0, 7)) * {(7, 8, 4) + a3 (1, 2, 3)}

= a1  1 [(2, 0, 1) * (7, 8, 4)] + a1  a3 ((2, 0, 1) * (1, 2, 3)) +
a2  1 ((0, 0, 7) * (7, 8, 4)) + a2  a3 ((0, 0, 7) * (1, 2, 3))

= a1 (2  3 + 7  6, 0  3 + 8  6, 1  3 + 4  6) + a1 (2  3 + 1  6, 0  3
+ 2  6, 1  3 + 3  6) + a2 (0  3 + 7  6, 0  3 + 8  6, 7  3 + 4  6)
+ a2 (0  3 + 1  6, 0  3 + 2  6, 7  3 + 3 6)

= a1 (3, 3, 0) + a1 (3, 3, 3) + a2 (6, 3, 0) + a2 (6, 3, 3)  C5M.

This is the way  is defined on C5M.
Let
x = a1 (3, 3, 5)  C5M;
x + x = (a1  a1) (3, 3, 5)

= a1 (3, 3, 5)
= x.

x  x = a1 (3, 3, 5)  a1 (3, 3, 5)
= a1  a1 [(3, 3, 5) * (3, 3, 5)]
= a1 (33+36, 33+36, 53+56)
= a1(0, 0, 0).

Thus x is a zero matrix. Infact for
every x = ai (x1, x2, x3)  C5M; ai  C5; (x1,
x2, x3)  M. x  x = (0). Thus in C5M every

element  such that supp x = 1 is such that
x  x = (0).

Example 2.2: Let

         P={

 



















4

3

2

1

a
a
a
a

  ai  Z12, 1  i  4, (8, 4), n}

be the 4  1 column matrix groupoid; C2={0,1}
= 0 < 1 be the two element chain lattice. C2P
be the groupoid matrix semiring.
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Let

x = 

 



















0
5
2
3

and

    y = 

 



















1
0
2
7

+

 



















3
1
5
3

+

 



















9
0
0
1

 C2.

x n y =

 



















0
5
2
3

n

 



















1
0
2
7

+ 

 



















0
5
2
3

n

 



















3
1
5
3

+

 



















0
5
2
3

n

 



















9
0
0
1

= 

 



















1*0
0*5
2*2
7*3

 + 

 



















3*0
1*5
5*2
3*3

 + 

 



















9*0
0*5
0*2
1*3

         =

 
























4180
4085
4282
4783

+

 
























4380
4185
4582
4383

 +

 
























4980
4085
4082
4183

=

 



















4
4
0
4

+

 



















0
8
0
0

+

 



















0
4
4
4

C2P..

Let

x = 

 



















2
1
3
7

  C2P..

xnx=

 



















2
1
3
7

n

 



















2
1
3
7

=

 



















2*2
1*1
3*3
7*7

=

 
























4282
4181
4383
4787

=

 



















0
0
0
0

=(0).

It is important to make a note if

x=

 



















0
0
0
0

  and y = 

 



















4

3

2

1

x
x
x
x

then x n y  y n x and
      x n y  x and y n x  x

in general.
But for 0  Cn.

 
1 1

2 2

3 3

4 4

0 . 0 . 0 .

x x
x x
x x
x x

   
   
    
   
   
   

In view of this one can put forth the following
theorem.

Theorem 2.1: Let M = {Collection
of all p  q matrices with entries from Zm;
(t, s), t, s  Zm,n} be the groupoid p  q
matrix or p  q matrix groupoid. Cn=0 < a1
< a2 < … < an – 2 < 1 be the chain lattice of



order n. CnM be the groupoid matrix
semiring. CnM is a non associative semiring
of finite order which has no zero divisors.

Proof: Follows from the fact ai  aj

 0 if ai  0 and aj  0. So CnM has no zero
divisors. Further o(M) <  and o(Cn) = n so
CnM is a finite semiring which is non
associative.

We can not call it semidivision ring or
so as it has no unit and is non associative.

Example 2.3: Let N = {
 









dc
ba

  a,

b, c, d  Z10, (5, 6), n} be matrix groupoid.
C7 = 0 < a1 < a2 < a3 < … < a6 < 1 be the chain
lattice of order 7. C7 N be the matrix groupoid
semiring.
Let

       x = a3 
 









54
08

  C7N,

x n x = a3 
 









54
08

 n a3 

 








54
08

  = a3  a3 
 









54
08

 n 
 









54
08

= a3  
 









5*54*4
0*08*8

 = a3 

 











30252420

06044840

=a3

 








54
08

=x.

Thus x is an idempotent of C7N.

In view of this the following theorem is proved.

Theorem 2.2: Let N= {Collection of
all pq matrices with entries from Zm; (t, s),
t,s Zm,n} be the pq matrix groupoid. Cn=0
<a1< a2 <…< an – 2 <1 be the chain lattice of
order n. CnN be the groupoid matrix semiring.
Every xCnN with |suppx|=1 is an idempo-
tent of CnN if and only if t +s  1 (mod m).

Proof: First by support of  we mean
the number of non zero terms in   CnN. So
if |supp  | = 1 then  has only one term.

Given CnN is non associative semiring.
Let x be any element in CnN with support of x
to be 1 then

x=aj

 





















pq1p

q221

q111

aa

aa
aa









CnN; ajCn.

x n x = aj 

 





















pq1p

q221

q111

aa

aa
aa









 n aj 

 





















pq1p

q221

q111

aa

aa
aa









= aj  aj 

 





















pq1p

q221

q111

aa

aa
aa









 n 

 





















pq1p

q221

q111

aa

aa
aa









= aj 

 





















pqpq2p2p1p1p

q2q222222121

q1q112121111

a*aa*aa*a

a*aa*aa*a
a*aa*aa*a









= aj 

 


























pqpq2p2p1p1p

q2q222222121

q1q112121111

satasatasata

satasatasata
satasatasata








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   = aj

 


























pq2p1p

q22221

q11211

a)st(a)st(a)st(

a)st(a)st(a)st(
a)st(a)st(a)st(









= 

 





















pq2p1p

q22221

q11211

aaa

aaa
aaa









if and only if t + s  1 (mod m).
Hence the result.
This will be illustrated by an example.
Example 2.4: Let

   M={

 



















87

65

43

21

aa
aa
aa
aa

  ai  Z9, 1  i  8, (7, 3); n}

be the groupoid matrix. C6 = 0 < a1 < a2 < a3 <
a4 < 1 be the chain lattice of order 6. C6M is
the matrix groupoid semiring.1-4

Let

     x = a4 

 



















86
50
41
23

  C6M;

xnx=a4

 



















86
50
41
23

na4

 



















86
50
41
23

=a4a4

 



















86
50
41
23

n 

 



















86
50
41
23

= a4 

 



















8*86*6
5*50*0
4*41*1
2*23*3

=

 
























38783676
35753070
34743171
32723373

=a4

 



















86
50
41
23

= x.

        Thus x is an idempotent of C6M which
substantiates the above theorem.

Clearly if in the matrix groupoid
M={Collection of all p  q matrices with entries
from Zm, (t, s), n} if the pair (t, s) used in the
matrix groupoid M is interchanged to (s, t) in
theorem still the result holds good. Infact there
are several such matrix groupoids satisfying
the conditions of the theorem.

The next interesting factor would be
how many such matrix groupoids exist for a
fixed m that is for a given Zm. The answer is
m – 2 if m is odd or even.3

This will be presented by some simple
examples.

Example 2.5. Let M={(a1, a2, a3, a4,
a5)  ai  Z18, 1  i  5, (10, 9), } be the
matrix groupoid. CnM has idempotents when
suppx = 1, x  CnM.

The number of pairsgiving such matrix
groupoids using Z18 are (2, 17), (3, 16), (4, 15),
(5, 14), (6, 13), (7, 12), (8, 11), (9, 10), (10, 9),
(11, 8), (12, 7), (13, 6), (14, 5), (15, 4), (16, 3) and
(17, 2).

Thus there exists 16 such matrix
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groupoids and m = 18; so m – 2 = 18 – 2 = 16.

Example 2.6. Let

    M={

 



















10

2

1

a

a
a

  aiZ23, (18, 6), *, 1  i  10, n}

be the column matrix groupoid. Every x  M
with suppx = 1 is an idempotent in M.

Infact there are 21 such groupoids
given by the following pairs (22, 2), (21, 3),
(20, 4), (19, 5), (18, 6), (17, 7), (16, 8), (15, 9),
(14, 10), (13, 11), (12, 12), (11, 13), (10, 14),
(9, 15), (8, 16), (7, 17), (6, 18), (5, 19), (4, 20),
(3, 21) and (2, 22).

In view of this the following theorem
is proved.

Theorem 2.3: Let M= {Collection of
all p  q matrices with entries from Zm,(t, s),
(t + s 1 mod m), n} be the matrix groupoid.

Cn = 0 < a1 < a2 < …< an – 2  < 1 be
the chain lattice. CnM be the matrix
groupoid semiring. There are m – 2 number
of matrix groupoid semirings which are such
that every element xCnM with |suppx| = 1
is an idempotent of CnM.

Proof: For any given m, one has only
m – 2 elements such that t + s  1 (mod m).
For with t  0 or 1 and s  0 or 1. The other
pairs (t, s) with t+s  1 (mod m) are (2, m  1),
(3, m  2), …, (m – 1, 2) which number as
(m  2).

If m is odd then m – 1 is even so that
one of the pairs is

 






 

2
1m,

2
1m .

If m is even then m – 1 is odd so that
(m/2, m + 2/2) is the middle term. For every
x CnM; |supp x|=1 is such that xnx=x.

First this will be illustrated for odd m
as in case of odd m, one has a matrix groupoid
semiring which is commutative satisfying
ab = ba for all a, b  CnM.

Example 2.7: Let

M={

 



















121110

987

654

321

aaa
aaa
aaa
aaa

aiZ9(5,5), 1 i  12,

(5, 5),n}

be the matrix groupoid.
C12 = 0 < a1 < a2 < … < a10 < 1 be the chain
lattice C12M be the matrix groupoid semiring.
Let

x=a5

 



















070
867
201
543

 and y=a7

 



















406
310
541
230

C12M.

Consider

        x n y = a5 

 



















070
867
201
543

 n a7 

 



















406
310
541
230
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      = (a5  a7) 

 



















070
867
201
543

 n 

 



















406
310
541
230

= a5 

 



















4*00*76*0
3*81*60*7
5*24*01*1
2*53*40*3

= a5 

 



















283
188
821
886

…I

Consider

ynx=a7 

 



















406
310
541
230

n a5 

 



















070
867
201
543

= (a7  a5) 

 



















406
310
541
230

n 

 



















070
867
201
543

= a5  

 



















0*47*00*6
8*36*17*0
2*50*41*1
5*24*33*0

= a5  

 



















283
188
821
886

.           … II

This is the way n operation is performed.

Clearly I and II are identical hence x
n y = y n x in C12M.

Infact one can conclude C12M is a
commutative matrix groupoid semiring as
t = s = 5.

In view of this the following theorem is proved.

Theorem 2.4: Let M = {Collection
of all pq matrices with entries from Zm, (t,s),
*; t = s with t + s  1(mod m) and m is an
odd number, n} be the matrix groupoid.
Cn=0 < a1 < a2 < … < an – 2 = 1 be the chain
lattice. CnM be the matrix groupoid semiring.

CnM is commutative and is a non
associative semiring such that every x 
CnM with suppx = 1 is an idempotent in
CnM.

Proof: Follows from the following
facts. M is a commutative matrix groupoid if
and only if t = s 2.

If t = s with t + s = 1 (mod m) then
every x  CnM with suppx = 1 is such that
x n x = x2 = x 2.

Now having seen some of the properties
satisfied by matrix groupoid semirings CnM;
we proceed on to define other properties like
subsemirings, ideals and so on.

First this will be described by some
examples.

Example 2.8: Let M = {All 3  4
matrices with entries from Z8 (2, 4), n} be
the matrix groupoid. C13 = 0 < a1 < a2 <  … <
a11 < 1 be the chain lattice of order 13. C13M
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be the matrix groupoid semiring.

C13M has subsemirings.

For take P = {All 3  4 matrices with
entries from {0, 3, 2, 4, 6} = T  Z8 (2, 4), n}
 M; P is a subgroupoid of M. Clearly C13P is
a matrix subgroupoid semiring, hence a
subsemiring which is non associative.
Consider

     P1 = {

 

















0000
0000
000a1

  a1  Z8, (2, 4), n}

be the matrix subgroupoid of M.
C13P1 is a subsemiring of C13M.

P10={

 

10

0 0 0 0
0 0 0 0
0 0 0a

 
 
 
  

  a10  Z8, n};

C13P10 is a subsemiring of C13M.

It can be easily proved all matrix
groupoid semirings has subsemirings.
In view of this the following theorem is true2.

Theorem 2.5: Let M be any p  q
matrix groupoid with entries from G = {Zn,
*, (t, u), n}. Cm a chain lattice. CmM be the
matrix groupoid semiring. CmG has at least
(p  q C1 + p  q C2 + … + p  q C(p  q) – 1)
number of nontrivial subsemirings which
are not ideals of CmM.

Proof. Let

      N1 = {

 
1 0 0

0 0 0

0 0 0

a 
 
 
 
 
 





  



  a1  Zn}  M

then CmN1 is a matrix groupoid subsemiring.
Thus

            Ni = {

 0 0 0 0
0 0 0 0

0 0 0
0 0 0 0

ia

 
 
 
 
 
 
 
 





   



  1  i  p × q}

is such that CmNi is a matrix groupoid
subsemiring.

Likewise one have the above said
number of subgroupoids in M which clearly
contributes to p  q C1 + p  q C2 + … + p  q
C(p  q) – 1 number of matrix groupoid subse-
mirings in CmM. Clearly P  A for any A  M
and P  Ni is not in Ni unless A  Ni. Hence
CnNi’s are not ideals only subsemirings,
1i(pq) .

Now condition for matrix groupoid
semirings to have ideals will be discussed.

First some  examples in this direction
are given.

Example 2.9: Let G= {Z18, (0, 2), n}
be the groupoid. M = {All 5  5 matrices with
entries from G under (0, 2), n} be the matrix
groupoid. LM be the matrix groupoid semiring
where L=C12 be the chain lattice. Let P = {All
5  5 matrices with entries from W = {0, 2, 4,
6, 8, 10, 12, 14, 16}, (0, 2), n}  M be the
ideal of M. Clearly LP is the matrix groupoid
ideal of LM.

Example 2.10: Let M = {Collection
of all 3 2 matrices with entries from G = {Z12,
*, (2, 2)}, (2, 2), n} be the matrix groupoid.
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C3 = 0 < a1 < 1 be the chain lattice. C3M be
the matrix groupoid semiring. Let P = {All 32
matrices with entries from {0, 2, 4, 6, 8, 10},
n, (2, 2)}  M be an ideal of M.

   Suppose

     x = a1 

 

















80
75
32

 and y =

 

















04
86
42

  C3M.

    xny=a1

 

















80
75
32

n

 

















04
86
42

=(a1  1) 

 

















0*84*0
8*76*5
4*32*2

= a1

 

















48
610
28

P..

It is easily verified; C3P is a matrix groupoid
ideal of C3M.

In view of all these the following theorem is
proved.

Theorem 2.5: Let M = {Collection
of all p  q matrices with entries from G =
{Zn, (t, s), *}, (t, s), n} be the matrix groupoid.
L = Cm be any chain lattice. CmM be the
matrix groupoid semiring. CmM has ideals
if the groupoid G has ideals.

Proof: Follows from the fact if G has
an ideal P then W = {Collection of all p  q
matrices with entries from P, (t, s), n}  M is
also an ideal of M. Hence CmW is an ideal of
CmM. Hence the theorem.

In the next result it is shown that there
exists a class of matrix groupoid semirings
which has ideals.

Theorem 2.6: Let M = {All p  q
matrices with entries from G = {Zn, (t, t), *},
(t, t), n} be the matrix groupoid. L = Cm be
a chain lattice LM has ideals of the form
LP (P  M) if t/n.

Proof: G has subgroupoids which are
ideals if t/n 2. So M has ideals only if t/n. If P
is any such ideal of M then LP will be the
ideal of the matrix groupoid semiring.

Replacing chain lattices by finite
distributive lattices still the results hold good.
However a few examples to that effect is
given.

Example 2.11: Let M = {All 2  8
matrices with entries from {Z12, *, (6, 2)}, n,
(6, 2)} be the matrix groupoid.

L =

1 

a2 
a1

a6 

0 

a5 

a4 

a3 
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be the distributive lattice. LM is the matrix
groupoid semiring which has many zero
divisors.

Example 2.12. Let M = {Collection
of all 5  1 matrices with entries from G= {Z15,
*, (3, 3)}, (3, 3), n} be the matrix groupoid.

L =

be the distributive lattice LM be the matrix
groupoid semiring. LM has ideals as well as
zero divisors.

P={

 























5

4

3

2

1

a
a
a
a
a

ai{0, 3, 6, 9, 12},*, (3, 3)1i5}M

is a matrix ideal of the matrix groupoid M. LP
 LM is the matrix ideal of the matrix groupoid
semiring.

3. Conclusion

In this paper for the first time matrix
groupoid semirings using distributive lattices
as semirings is carried out. Several interesting
properties enjoyed by these groupoid matrix
semirings is obtained.
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