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Abstract

In this paper for the first time groupoid matrix semirings are
introduced and their properties are analysed. A matrix groupoid or a
groupoid matrix is a collection of p x g matrices with entries from a
groupoid (G, *) where groupoid matrix inherits the operation of G. Here
chain lattices are used as semirings and groupoid matrix semirings are
non associative semirings of finite order, as both the groupoids G and

the chain lattices are of finite order.
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1. Introduction

This paper is organized into three
sections. Section one is introductory in nature.
Section two defines groupoid matrix semirings
and the special properties associated with them
are derived. The final section give conclusions
based on this study. Here we just recall the
definition of matrix groupoids and give some
examples of them.

Definition 1.1: Let (G, *) be any
groupoid. M = {Collection of all p x g
matrices with entries from G; %} is defined
as the matrix groupoid. (x, operation acts
natural product on matrices with induced
operation * 4.

We will illustrate this by an example.

Example 1.1: Let {G, *} = {Zs, *, (4,
1)} be a groupoid.
al
a, |ai€Z5, 1<i<3, Xn}
a3

M=

is a matrix groupoid. Here if

3 0
x=| 2 |andy=|1|eM.
1 3
3 0 3*0 2
Xxny=| 2 |x,|1]|=]2*1|=|4
1 3| [1*3] |2

Throughout this paper we use only groupoids
built using Z..



86

2. Groupoid matrix semirings and their
properties :

In this section the notion of groupoid
matrices (or matrix groupoid using Zn, is defined
using the groupoids, G={Zm, *, (t,5),t,5€ Zn}.
The semirings taken in this section are only
finite chain lattices; Ch,=0<a;<a < ... <
an-2 < 1 (n a positive finite integer). Let
M« g = {Collection of all p x g matrices with
entries from Zy,; (t, S), *; t, S € Zm, xn} be the
groupoid matrices of order px g. C,Mp.q IS the
groupoid matrix semiring defined as in case of

Let
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usual groupoid semirings introduced in . First
a few examples are given for the better
understanding of this concept.

Example 2.1: Let M = {Collection of
all 1 x 3 row matrices with entries from Z, (3,
6), x} be the groupoid row matrix (row matrix
groupoid).

Let Cs =0 <ai<a;<as<1bethe
chain lattice of order 5. CsM is the groupoid
row matrix semiring of the groupoid matrix M
over the semiring Cs.

x=a(2,0,1) +a,0,0, 7)andy = (7, 8, 4) + a3 (1, 2, 3) € CsM.

Xty
XXy

a1 (2,0,1) +a,(0,0,7) + (7, 8,4) +as (1, 2, 3) € CsM.
(a1(2,0,1) +a, (0,0, 7)) *{(7, 8, 4) + a3 (L, 2, 3)}

= aan1[(2,0,1)*(7,84)]+ainasz((2,0,1)*(1,2,3)+
a2 1((0,0,7)*(7,8,4) +a,nas((0,0,7) * (1, 2, 3))

= a1(2x3+7%x6,0x3+8x6,1x3+4x6)+a;(2x3+1x6,0x3
+2x6,1x3+3x6)+a(0x3+7x6,0x3+8x6,7x3+4x6)
+2,(0x3+1x6,0x3+2x%x6,7x3+3x6)

= a1(3,3,0)+ai1(3,3,3) +a,(6,3,0) +a; (6, 3,3) € CsM.

This is the way x is defined on CsM.
Let

X =a (3, 3, 5) e CsM;
X+ X =(a1ua1) (3, 3, 5)
=2, (3,3, 5)
=X.
xxX =a; (3,3 5)xa (3 3, 5)

—aina[(3,3,5*(@3,35)]
= a; (3x3+3x6, 3x3+3x6, 5x3+5%6)
=ai(0,0,0).

Thus x is a zero matrix. Infact for
every X = a; (X1, Xz, X3) € CsM; a; € Cs; (Xq,
X2, X3) € M. X x X = (0). Thus in CsM every

element o such that |supp x| = 1 is such that
x x x =(0).

Example 2.2: Let

|ai € Z12, 1 <1<4, (8, 4), xn}

be the 4 x 1 column matrix groupoid; C,={0,1}
= 0 < 1 be the two element chain lattice. C,P
be the groupoid matrix semiring.
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Let

and

3*7
2*2
= +

5*0
0*1

3*1

2*0
+

5*0

0*9

3*3
2*5
5*1
0*3

3x8+7x4] |3x8+3x4
2x8+2x4| [2x8+5x4
“15x8+0x4|7[5x8+1x4
O0x8+1x4| |0x8+3x4

3x8+1x4| 14| [0] [4

2x8+0x4 0 0 4
H5x8+0x4|=|4|*|8|*|4]|cCP

Ox8+9x4| (4] |0] |0

Let
7
3
X= 1 ECi’
2
7 7 7*7
3 3 3*3
Xx X=11|x 1(=]1*1
2 2 2%*2

7x8+7x4] |0
3x8+3x4| |0

=l 1x8+1x4 |7 0|=(0).
2x8+2x4 0

It is important to make a note if

0 X1
0 Xs
X=|g| andy = |x,
0 Xy

then X x, y # Yy X, X and
Xxpy#Xandy x, X # X

in general.

But for 0 € C..

X, X,
21,0 .

w

X
X
X4

In view of this one can put forth the following
theorem.

Theorem 2.1: Let M = {Collection
of all p x g matrices with entries from Zy;
(t, 8), t, S € Zm,xn} be the groupoid p x q
matrix or p x g matrix groupoid. C,=0 < a;
<@, < .. <an-2 <1 be the chain lattice of
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order n. C,M be the groupoid matrix
semiring. C,M is a non associative semiring
of finite order which has no zero divisors.

Proof: Follows from the fact ai N g
# 0 ifai = 0 and g # 0. So C,M has no zero
divisors. Further o(M) < o and o(C,) = n so
CnM is a finite semiring which is non
associative.

We can not call it semidivision ring or
so as it has no unit and is non associative.

a b
Example 2.3: Let N = { c d | &,

b, ¢, d € Zi, (5, 6), xo} be matrix groupoid.
Cr=0<a<a<asz<...<ag <1 bethechain
lattice of order 7. C; N be the matrix groupoid
semiring.

Let

X = =
* 4 5 '

8 0] 8 0
4 5] &, 5

(8 0] {8 0}
= adszMas Xn

X Xp X = a3

4 5] "4 5
8*8 0*0
= a3
4%4 5*5

20+ 24 25+ 30

8 0
2334 5:X.

Thus x is an idempotent of C;N.

40+48 4x0+6x0
= a

In view of this the following theorem is proved.
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Theorem 2.2: Let N= {Collection of
all pxgq matrices with entries from Zp; (t, s),
t,5 €Zm,xn} be the pxq matrix groupoid. C,=0
<a< & <...< an-2 <1 be the chain lattice of
order n. C;N be the groupoid matrix semiring.
Every xeC,N with |suppx|=1 is an idempo-
tent of C,N if and only if t +s =1 (mod m).

Proof: First by support of o we mean

the number of non zero terms in oo € C,N. So
if |supp o | = 1 then o has only one term.

Given C,N is non associative semiring.
Let x be any element in C,N with support of x
to be 1 then

ang a1q
an as
X:aj . ECnN; ajECn
ap1 apg
ang a1q ag aq
an a2q an ayq
XXpX=14aj| : : Xpdj| :
am apq apy apg
ag a1q agg aq
dsy ... an oy a2q
=aNa| ©| Xn
ap1 apq | ap1 apq
ajg *ay; ap Fap ... A Fay
ay *ap axp Faxy ... a8y Fay
=g : : :
apr ¥ap gy ¥apy ... 8pg Fapg
ta21 + Sa21 ta22 + Sa22 . tazq + Sazq
=4 : : :
tapl + Sapl tapz + Sap2 tapq + Sapq
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(t+s)ay; (t+9)ag (t +9)ayg
(t+s)ay; (t+9)ay, (t +5)ay
=4 : : :
(t+s)ay (t+s)ap, (t+5s)ay,
all a12 e alq
a21 a22 e a2q
Ap1 Ap2 Apq

ifand only ift + s =1 (mod m).
Hence the result.
This will be illustrated by an example.

Example 2.4: Let

4 ap

ag ay
M= ag ag

ay ag

|ai629,13i38, (7,3);><n}

be the groupoid matrix. Ce=0<a;<ay<az<
as < 1 be the chain lattice of order 6. C¢M is
the matrix groupoid semiring.**

Let

3 2

1 4
X= a4 5 € C6M1

8
(3 2] 3 2
1 4 1 4
XXnX:a4 O 5 Xna4 O 5
16 8] 6 8
(3 2] 32
1 4 1 4
=ayMas 05 Xn 0 5
6 8 6 8

3*3
1*1
=a4|0*0
6*6

2*2
4*4
5*5
8*8

2x7+2x3 3
Ax7+4x3 1
5x7+5x3|=a4|0
8x7+8x3 6

3x7+3x3
Ix7+1x3
=|0x7+0x3
6x7+6x3

© U AN
1]
x

Thus x is an idempotent of C¢M which
substantiates the above theorem.

Clearly if in the matrix groupoid
M={Collection of all p x q matrices with entries
from Zn, (t, s), xn} if the pair (t, s) used in the
matrix groupoid M is interchanged to (s, t) in
theorem still the result holds good. Infact there
are several such matrix groupoids satisfying
the conditions of the theorem.

The next interesting factor would be
how many such matrix groupoids exist for a
fixed m that is for a given Z,. The answer is
m - 2 if m is odd or even.?

This will be presented by some simple
examples.

Example 2.5. Let M={(a1, az, as, aa,
as) | & € Zi5, 1 <1 <5, (10, 9), x} be the
matrix groupoid. C,M has idempotents when
Isuppx| =1, x € C,M.

The number of pairsgiving such matrix
groupoids using Zg are (2, 17), (3, 16), (4, 15),
(5,14), (6, 13), (7, 12), (8, 11), (9, 10), (10, 9),
(11, 8), (12, 7), (13,6), (14, 5), (15, 4), (16, 3) and
17,2).

Thus there exists 16 such matrix
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groupoidsandm=18;som-2=18-2=16.

Example 2.6. Let

a

a

M={| . ||aicZzs (18,6), * 1 <i<10, xo}

ay

be the column matrix groupoid. Every x e M
with |suppx| = 1 is an idempotent in M.

Infact there are 21 such groupoids
given by the following pairs (22, 2), (21, 3),
(20, 4), (19,5), (18, 6), (17,7), (16, 8), (15, 9),
(14, 10), (13, 11), (12, 12), (11, 13), (10, 14),
(9, 15), (8, 16), (7, 17), (6, 18), (5, 19), (4, 20),
(3, 21) and (2, 22).

In view of this the following theorem
is proved.

Theorem 2.3: Let M= {Collection of
all p x q matrices with entries from Zn,(t, s),
(t+ s =1 mod m), x,} be the matrix groupoid.

Ch=0<a<a<..<a-2<1be
the chain lattice. C,M be the matrix
groupoid semiring. There are m — 2 number
of matrix groupoid semirings which are such
that every element xeC,M with |suppx| = 1
is an idempotent of C,M.

Proof: For any given m, one has only
m — 2 elements such that t + s =1 (mod m).
For with t= 0 or 1 and s = 0 or 1. The other
pairs (t, s) with t+s=1 (mod m) are (2, m— 1),
(3, m—-2), ..., (m -1, 2) which number as
(m—2).
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If m is odd then m — 1 is even so that
one of the pairs is

(m +1 m +1j
2 2 )
If m is even then m — 1 is odd so that

(m/2, m + 2/2) is the middle term. For every
x € CyM; |supp x|=1 is such that xxx=x.

First this will be illustrated for odd m
as in case of odd m, one has a matrix groupoid
semiring which is commutative satisfying
ab=bhaforalla, b e C/M.

Example 2.7: Let

a; a, ag
a a a

M={| 4 7% T8 laezy(5,5), 1< < 12,
a7 adg 4y

dyp ai1 ap
(5, 5),xn}

be the matrix groupoid.
Cp=0<a<a<.. <ap<1bethechain
lattice C1,M be the matrix groupoid semiring.
Let

3 45 0 3 2
1 0 2 1 4 5
X=as 7 6 8 and y=ar 01 3 eCpM.
0 7 0 6 0 4
Consider
3 4 5 0 3 2
1 0 2 1 4 5
XXny=8|7 g g|Xnd7|g 1 3
07 0 6 0 4
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3
1

= (a5 M a7) 7

= a5

= a5

Consider

YXnX=az

0

3*0
1*1
7*0
0*6

w o0k o
c 00 N

o O +— O

= (a7 M a5)

:a5

= a5

0*3
1*1
0*7
6*0

w 0 = O
co 0 N 00

~N O O b~
O 0 N Ol

4*3
0*4
6*1
7*0

o, A w N P 0 ©
NP RRNT, B N

o O, O
o b~ W

3*4
4*0
1*6
0*7

N B 0O

o O —» O

5*2
2*5
8*3
0*4

Xp ds

Xn

2*5
5*2
3*8
4*0

O - b~ W

O N P w

O N P Ww

B W O DN

~N O O b~

~N OO O b

O 0 N ol

O 0 N o1

This is the way x,, operation is performed.

Clearly I and II are identical hence x
XnY =Y XpX in CoM.

Infact one can conclude C;oM is a
commutative matrix groupoid semiring as
t=s=5.

In view of this the following theorem is proved.

Theorem 2.4: Let M = {Collection
of all pxg matrices with entries from Zy, (t,5),
* t=switht+ s =1(mod m) and m is an
odd number, x,} be the matrix groupoid.
Chi=0<ai<a<..<an-»=1Dbethechain
lattice. C,M be the matrix groupoid semiring.

CnM is commutative and is a non
associative semiring such that every x e
CoM with suppx/ = 1 is an idempotent in
CnM.

Proof: Follows from the following
facts. M is a commutative matrix groupoid if
andonly ift =s 2.

Ift=switht+s=1(modm) then
every X € C,M with |suppx| = 1 is such that
X Xp X=X =X2

Now having seen some of the properties
satisfied by matrix groupoid semirings C,M;
we proceed on to define other properties like
subsemirings, ideals and so on.

First this will be described by some
examples.

Example 2.8: Let M = {All 3 x 4
matrices with entries from Zg (2, 4), xn} be
the matrix groupoid. Ci3=0<a;<a;< ...<
a1 < 1 be the chain lattice of order 13. C13sM
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be the matrix groupoid semiring.

C13M has subsemirings.

For take P = {All 3 x 4 matrices with
entriesfrom {0, 3,2, 4,6} =T < Zs (2, 4), xn}
< M; P is a subgroupoid of M. Clearly Cy3P is
a matrix subgroupoid semiring, hence a
subsemiring which is non associative.

Consider
a, 0 0 O
P.={l0 0 0 0] )|a eZs, (2 4),x}
0 00O

be the matrix subgroupoid of M.
Cy3P1 is a subsemiring of Cy3M.

0 0 00
Po={|0 0 0 0||ap e Zs xn};
0 a, 00

C13P10 is a subsemiring of Ci3M.

It can be easily proved all matrix
groupoid semirings has subsemirings.
In view of this the following theorem is true?.

Theorem 2.5: Let M be any p x q
matrix groupoid with entries from G = {Z,,
*, (t, u), xn}. Cn a chain lattice. CyM be the
matrix groupoid semiring. C»G has at least
(PxqCi+pxqCo+ ... +pxqCpxg-1)
number of nontrivial subsemirings which
are not ideals of C,M.

Proof. Let
a 0 ... 0
00 ..0
Nt={|. . las € Z} < M
00 ..0

V. Rajeswari, et al.

then C,uN* is a matrix groupoid subsemiring.
Thus

00 ..00
00 ..00

Ni={:: Pil|1<i<pxq}
00 a0
00 ..00

is such that C,N' is a matrix groupoid
subsemiring.

Likewise one have the above said
number of subgroupoids in M which clearly
contributestopxqCi+pxqCyo+... +px(
C x 9 -1 number of matrix groupoid subse-
mirings in CyM. Clearly P x AforanyAe M
and P € N'is not in N' unless A € N'. Hence
C.N"’s are not ideals only subsemirings,

1<i<(pxq) .

Now condition for matrix groupoid
semirings to have ideals will be discussed.

First some examples in this direction
are given.

Example 2.9: Let G={Z3s, (0, 2), xn}
be the groupoid. M = {All 5 x 5 matrices with
entries from G under (0, 2), xn} be the matrix
groupoid. LM be the matrix groupoid semiring
where L=C;; be the chain lattice. Let P = {All
5 x 5 matrices with entries fromW = {0, 2, 4,
6, 8, 10, 12, 14, 16}, (0, 2), xn} < M be the
ideal of M. Clearly LP is the matrix groupoid
ideal of LM.

Example 2.10: Let M = {Collection
of all 3 x2 matrices with entries from G = {Zy,,
*, (2, 2)}, (2, 2), xn} be the matrix groupoid.
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Cs; =0 < a; <1 be the chain lattice. Cz3M be
the matrix groupoid semiring. Let P = {All 3x2
matrices with entries from {0, 2, 4, 6, 8, 10},
xn, (2, 2)} < M be an ideal of M.

Suppose
2 3 [2
X=a > T andy = 6 e CsM.
0 8 4
2 3| |2 4
X)(ny:al 5 7 )(n 6 8
0 8/ |40
2*2 3*4
=(a1n1)|5*6 7*8
0*4 8*0
8 2
= a 10 6 |ep.
8 4

It is easily verified; CsP is a matrix groupoid
ideal of Cs;M.

In view of all these the following theorem is
proved.

Theorem 2.5: Let M = {Collection
of all p x g matrices with entries from G =

{Z, (t,3), *}, (1, S), xn} be the matrix groupoid.
L = Cn be any chain lattice. CyM be the
matrix groupoid semiring. CyM has ideals
if the groupoid G has ideals.

Proof: Follows from the fact if G has
an ideal P then W = {Collection of all p x g
matrices with entries from P, (t, s), x,} =M is
also an ideal of M. Hence C,W is an ideal of
CnM. Hence the theorem.

In the next result it is shown that there
exists a class of matrix groupoid semirings
which has ideals.

Theorem 2.6: Let M = {All p x g
matrices with entries from G = {Z , (t, 1), *},
(t, t), xn} be the matrix groupoid. L = Cy, be
a chain lattice LM has ideals of the form
LP (P < M) if t/n.

Proof: G has subgroupoids which are
ideals if t/n 2. So M has ideals only if t/n. If P
is any such ideal of M then LP will be the
ideal of the matrix groupoid semiring.

Replacing chain lattices by finite
distributive lattices still the results hold good.
However a few examples to that effect is
given.

Example 2.11: Let M = {All 2 x 8
matrices with entries from {Zi,, *, (6, 2)}, xn,
(6, 2)} be the matrix groupoid.
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be the distributive lattice. LM is the matrix
groupoid semiring which has many zero
divisors.

Example 2.12. Let M = {Collection
of all 5 x 1 matrices with entries from G= {Z;s,
*, (3, 3)}, (3, 3), xu} be the matrix groupoid.

ai ady

be the distributive lattice LM be the matrix
groupoid semiring. LM has ideals as well as
zero divisors.

P={| 3 ||aic{0, 3, 6,9, 12},*, (3, 3)1<i<5}cM

Ultra Scientist Vol. 27(2)B, (2015).

is a matrix ideal of the matrix groupoid M. LP
< LM is the matrix ideal of the matrix groupoid
semiring.

3. Conclusion

In this paper for the first time matrix
groupoid semirings using distributive lattices
as semirings is carried out. Several interesting
properties enjoyed by these groupoid matrix
semirings is obtained.
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