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Abstract

Generalising an earlier result of Hasegawa®, degree of
approximation of a function belonging to Lip (a, ) class by double
Norlund summability of its double Fourier series has been determined.

Introduction

For f ¢ Lipa, the degree of approxi-

mation by Cesdro mean and by Norlund
means of the Fourier series of f have been
studied by Alexits!, Sahney and Goel,
Chandra, Quraeshi®’ and Quraeshi and Neha®.
Hasegawa* determined the degree of approxi-
mation of a continuous function f (x, y)
belonging to class lip (o, ) where 0<a<1 and
0<pB<1 by double Cesa ro means of its double
Fourier series. But till now no work seems to
have been done to obtain the degree of
approximation of the function f(x, y) € Lip (a,
B) by double Norlund summability means (N,
Pm, On) Which includes as special cases, the
methods of (H, 1, 1) and (C, 1, 1) summability.
In an attempt to make an advanced study in

this direction, establish a theorem on the
approximation by (N, pm, gn) means of double
Fourier series.

Definition and Notations:

Let f(x,y) be a Lebesgue integrable
function of period 2n with respect to each
variable x and y. Let the double Fourier series
of f (x, y) be

f(X,¥) = Zm=02n=0 Amn [@msCOSMX COSNX +
PmnCOSMX SiN NY+ CrypSINMX COSNY + OryrSINMXSIN
ny]

1

Z,m =n=0
Where, Amn =

1
E,m>0,n=00rm=0,n>0
1,m>0n>0

am = 1/752 f ff(x, y)cosmx cosny dx dy
m,n 2
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with similar expression for bmp, Cmpand dmp,
where Q denotes the fundamental rectangle
(m,- m;, W, -m).

Afunction f (x, y) is said to belong to lip (., B), if
f(x+t, y+s) = f(x, y) = O (ItI* +|sP),
uniformly in the point (X, y) as t and s tends to
0 (zero) independently of each other, where
0<a <1, 0<B<1. Ifthe capital order ‘O’ is
replaced by little order ‘0’ in the above
definition then f (x, y) is said to belong to lip

(a, P).

Let {pm} and {g.} be two sequences of real
constants and let

Pm=pot p1+pz2+ ...+ Pm, P1=p1=0, P> 0
and Qn=Co+ Gu+ Q2 +. . .+ O, Q1= 04=0, §o>0

The double Fourier series 2 Un,with the
sequence of partial sum{Smn} is said to be
summable by double Norlund method, or
summable (N, pm, gn) if tnatends to a limit S
as (m, n)—oo0, where the (N, pm, Q) means®,
tmnis defined by
tnn = 5o~ S0 Z5=0 Pm-yGn—vS-v

1

Pm Qn

The necessary and sufficient condition for the
regularity of (N, pm, On) are

Pm0n= 0 (Pm Qn)

and Yo Xp=o Pu =0 (Prl[Ql).as(m, n)—o

m n
u:O Z’U:O puqum—u,n—\)

Throughout this paper we shall take (N, pm,
Qn) as regular method.

Particular Cases :
There are two important particular cases of
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(N, pm, 0n) Summability:

1. (C, 1, 1) summability?, if p, = 1, for every m
and g, =1 for every n.
2. (H, 1, 1) summability®, if pm =1/m+1, for every
m and g, =1/n+1, for every n.
Wewrite, ¢(t, s) = ¢(u, v; t, s)
1
= Z[f(x+t, y+s) + f(x-t, y-s) + f(x-t, y+s) +
f(x+t, y-s) - 4f(x, y)]
1 T 3
Sma (X, Y)=— f_nf_nf(x +t, y+5s)Kn
(t) Kn(s) dt ds

.1 2
sm;(m+1)t>

- 1
2 smgt

Where, K, (t) = =2 (

m+1
1 2
2 sin=(n+1)s
Ki(s) =— | —2——
n+1 Zsings

Pu sin(m—u+ %) t

p _ 1
Nm (t) " 2m Pm 'Zl:o sint
2
q 1 n dv sin(n—v+ %) s
Nr, () = 2w Qn “V=0 sin

2

Known Theorem: Hasegawa* has proved
the following theorem:

Theorem: If a continuous function f (x,y)
of period 2r with respect to each x and y
belonging to lip (e, ) where 0 < o < 1 and
0<pB<1,then

Smn (6Y) = f(x,3) =0o(m™% + n=F)

uniformly in (x, y) as m and n tend to infinity
independently of each other.

If=a=0=1,then
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Smn (0, y) = f(x,y) =0o(m™ + n™1)

uniformly in (X, y) as m, n—oo independently.
These results are also valid for lip (¢, ) class.

Main Theorem: The object of the
present paper is to extend the above theorem

for double Norlund summability (N, pm, gn)
in two directions. In fact we shall establish
following theorem.

Theorem : Let (N, pm, n) be regular double

Norlund method, defined by real, non negative
monotonic, non-increasing sequence of coeffi-

cients {pm} and {qgn} such that Pm = % as
m — oo and Q,, = ©o asn—oo. If a continuous

function f(x, y) of period 27, with respect to
each of x and y belongs to Lip (e, p), i.e.,

F (x+t, y+8)=f (X, y)=o ({tF* + |s"), then
0(Zs+55), 0<a<1,0<p<1
mn -f (X y) =

log (mme) | log (nme) . n_
0 (EEm) 4 2EC) =g =1

uniformly in (X, y) as m and n tends to infinity
independent of each other where

3
3

tmn Pm—p Gn—v Su,v

1
= P, 0, ano Z?:o Pu Qv Sm-un—v
is (N, pm, gn) means of double Fourier series.

Lemma: Our proof of the theorem
needs some lemmas:

) means of double Fourier series. 119

Lemma (1) : Tripathi and lal *
(1) If 0 <t<1/m, then

NP () = o[ml].

(i) For 0 <s < 1/nthen
N9 (s) = o[n].

Lemma(2): Tripathi and Lal*

(1) If I/m<t<m,andany m
P[1/t]]
»)
N, (t) =0|———
Pw =0l
(i) Forin< s <mandanyn
N(CI)( ) — [Q 1/S

Proof of the Main Theorem:

The (u,v)"" partial sum of the double
Fourier series at (t,5) = (x,y) is given by
f fn ¢(t$)sm(u+ )tsm(v+ )s

4 712 sm sm

- f,y) = dtds

then

iimqv Sm-pm—v = (%, 3]
#: :

1
B sin m u+2)
- [ o975 ZPM o

1
Z sm 2) S ded
q tds
21Q, v sms

or

tmn - f(0,¥) = f ' f nqb(t, SN (OND (s)dtds
0 0
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1 1 1 T A 1 i s
:[fo /m+1f0 /n+1+ fo/m+1 fl/n+1+f1/m+1f0/n+1+ fl/m+1 fl/n+1 ]¢(t, S)Nr(r?) (t)Nr(Lq)(S)dtdS_

=11+ 12 +13 +14'

(1)
Now,
fma1 [V ns
I, = f ' j "t NP (OND (5)deds
0 0
= 0 [m+D(n+1) /™ [ /10 4 5P)deds]| by lemma [1]
=0 [(m +1(n+1) fol/m“t“ {fol/”“ds} dt]
+0 [(m +1D(n+1) fol/”“sﬁ {fol/m“ dat} ds]
=0[m+Dm+1) f/miee e |+ 0 WD [Hnsigh gl
ymﬂ %Jrl
-0 {(m +1)Ltﬂ 0 {(n +1) sﬂ
(a+1) 0 (B+1) o
-o|—r |+o|—Lt |=0of 1 4 1
(m+1)“ (n+1)” (m+1)“ (n+1)” @)
Next, I,=/ Yamen M ¢, NP (OND (s)dtds
(n+1)

(m+1)1/(m+1) . Q( )

= 0ol[ —S (t“ +s”)dtds] | by lemma(2)

Qn 0 1/(n+1)

(m+1)1/(m+1) ﬂ Q() (m+1)1/(m+1) x Q()

—2t%dtds |+ O

—sfdtds
Qn 0 1/(n+1) S n 0 1/(n+1) S

=loq+ Iy, say (3)
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1 1
= Q) vmw = Q) 1/(m+1)
_ (m+1) S a (m +1)
lbi= O { |t“dt}ds _ S B
21 Qn 1/(nJ.+1) S ' E'). =0 Qn Jl. S ° { '([dt}ds
L (n+1)
o) -
- (m + 1) T g {Ltaﬂ 1/(m+1) d 1
© Q. 1/(?[1) s (a+]) F i (m+1) ]T‘ Q(S)oﬂds
=0 | (m+1)Q, {1 s
_ 1 L (n+1)
o | M+ 7 Q(g) 1 . -
Qn 1/(n+1)S(OC—’_:L).(rn_{-l)a+l 1 (m) —Q(U) 1
=0 | —. —d
I o5, ! L
— 1 = 4
=0 p ds 1 Qn nil 1
Qn (m+1) 1/(n+1) S =0 Q_n.(m-i-l) Jl. u_ﬁ du
1 Qu) 1
0| — — == du — =
° _Qn (m +1)tl 1/(nJ‘+1) u :l _ 0|:n+1|0gu:|’ ﬁ .
- 1 1
o Q, ¥ } 0{n+1{(—ﬁ+1)u5‘1}}'ﬂ¢1
=0 . J-dS
| Q. (Mm+1)* (n+1) 4§
p
) ~ . o O{Iognnﬂ}ﬂ:l
O n+nm+n*
1 IR
:O(n(m+1)“)(n) I v [1jﬂ1 1B =1
\ T

b1 =0 (U(m+ 1)%

1

m+1) "

Q.

(

b, =0

0

(

n

=0 (Wm)?") @4

lognz

1

O(niﬂ),0<ﬁ<1

Q(E) },,3 =1
Tss/’dtds

1)

22

P e— N

©)

+
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By (3),(4) and (5), we have

1
V3 P( ) n+1
1 1 1 t
O(—+—)0<a<l0<p<l =0 t“ { du}dt
[, = (ma nﬁ) ﬂ Pan 1/(£+1) t ( l;[r
5 =
0(1+Mj’a:1’ﬁ:1 (6) | |
m n
1 1
° “ n/’ ' ' 1 T P(:-) 1
Similarily, I; = (7) =0 t%(n —=)dt
O(l-}—wjla =1,ﬁ =1 (n +1)Pm 1/(m+1) t ( 71-)
n m
- Pt PORE) _ _
astly, 1, = 7[t +s”]dtds - -
) 1/(m+1)1/(n+1) th'SQn
1
_ 1% P, Q(l/s) = P()
_o{PQ [ ] j ds)dt ol L J‘ t" gt
mn 1/(m+1) 1/(n+1) i P t
m 1/(m+1)
1} QWS) st PN
o |: Pan 1/(;[+1 S {1 (£+1 dt}ds_ L u
=1+ a2 (8) -
r 7 (m+1)
=0 L wiﬂdu as lpo
L P(t) . Q(S) Po i, U U
l40 =0 t*{ —=ds}dt
* Pn rJr:+1 t 1/(£+1) S -
o) (m+1)
L J =0 i m I 1 dul =
I:)m (m+1) 1z UD‘
P() 0[1{Iogu}n }a 1
k4 _ Ur P —
=0 [ —ty { j Q(u)du}dt _
Pan 1/(m+1) t /(n+1) 1 1
0 [—{ 7 },a #1
m m
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o[logm}a ~1 o[logf}ﬁzl
m o _ n
= . Similarly, l42= . )
0 [—a},a 1 O[—ﬁ:|,ﬂ¢1
m n
0 (%+iﬂj,0<a <10<pB<1
m* n
By (8) and (9), I, =
0 (mﬂe)j n 0('09“‘7@)),& =B=1 (10)
m n
From (1), (2), (6), (7) and (10), we have
0 (ia+iﬁ),0<a <10<p<1
m* n
tnn—f (X, y) =
0(14_%} + 0(&4_%}’“ = ﬁ =1
m m n n
0 (%+iﬂ),0<a <10<p<1
_ m* n
0{(1+I0g(m7z)j N (l+|og(n7z)j}’a _p=1
m n
0 ( 1a +iﬁ),
m* n
Thus, tm’n—f(x, y) = | |
O( og(mze) og(mze)j
m n

This completes the proof of the theorem.
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Remarks :

1.

Iff < Lip (0, B), 0<a<1, 0<p<L,
p=—1_

B me1’

of Hasegawa* becomes the particular case
of our theorem.

¥ Q= ﬁ,v v then the result

The result of our theorem are also valid if
f(x,y) e lip(a, B)
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