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Abstract

In this paper the notions of strongly W-projective and strongly
We-injective module dimension over commutative domain R are given. It
is shown that over semi simple rings with W-dimension one, these modules
are equivalent to W-injective modules. The W- projective dimension
measures how for away a dimension is from being a priifer domain.

Introduction

I n this note, R will denote a commutative

domain with identity and Q( R) will denote
its field of quotients. The R-module Q/R will
be denoted by K. Lee? studied the structure of
week injective modules.

A R-module M is called strongly

injectiveif Ext,* (N, M 7 ) = 0 for all R-modules
N of weak dimension < 1. In section 2 we
introduce a class of R-modules under the name
of strongly W-projective R-modules, we show
that Strongly W-projective modules R-modules
are identical to projective R-modules iff R is semi
simple. Recall that R is called priifer domain if
every finitely generated ideal of R is projective.
We show that each strongly W-projective
R-module is FP - projective.

(I) Strongly W-projective :

Definition 1.1: A R-module M is called

strongly W-projective if ExtRl(N M*)=0
for every weak injective R-module N and J is
index set, where M” =@M,
[1S3]

Exidently, direct products and summands of
strongly W-projective R-modules are again
strongly W-projective. All projective R-modules
are trivially strongly W-projective but the
converse is not true. For example Q/Z is a
Z-module is strongly W-projective but it is not
projective. Over a semi simple ring R. W-
projective R-modules are projective. It is
obvious that if R is a semi simple ring with W.
D(R) =1, then every R-module M is strongly
We-projective iff M is strongly W-injective Also,
if R is semi simpleand M is a strongly W-projective

R-module, then ExtRl(M 7 R)=0.

A well-known result states that an R-
module F is Flat iff its character module F°’
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is injective.

Lemma (1.2) : If R is a Noetherian
ring and M is strongly W-projective R-module
then M is FP-projective

Proof: Let M be a strongly W-projective,
we must prove that ExtRl(M 7 N)=0, for
any FP- injective R-module N.

Since R is a Noetherian ring, N is an
injective R-module, therefore N is strongly
Wk-injective.

Lemma (1.3):Let 0> A—>B—>C >0
is an exact sequence such that A and C are
strongly W-projective R-module then B is
strongly W-projective R-module then B is
strongly W-projective.

Proof: Let N is a strongly W-injective
R-module, from the induced exact sequence

Ext,"(C,N) — Ext."(B,N) — Ext.' (A N).
We have Ext,"(B,N)=0, Since Ext, (C,N)
= Ext,"(A, N) = 0 where NCM ° this implies

Ext.'(C,M’) - Ext,'(B,M’) —»

Ext, (A,M”) we have Ext,'(B,M’)=0
since Ext,'(C,M’ =Ext,'(AM’)=0

Example (1.4) : Z-module Q is strongly
W-projective Recall that R is called of matlis
domain if the projective dimension of Q (or
equivalently K) is one. The R-module C is

called matlis cotorsion if ExtRl(Q, C)=0and

M is called strongly flat it Ext," (M *,C) =0
for every matlis cotorsion R-module C.
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Lemma (1.5) : If R is a matlis domain
and M is a strongly flat R-module, then M is
strongly W-projective.

Proof : If M is strongly flat R-module,

then ExtRl(M ?,N) =0 for all matlis cotorsion

R-modules N. It is easy to see that if R is a
matlis domain then every strongly W-projective
R-module is matlis cotorsion.

Lemma (4) : Let R is a semi Dedekind
domain. If M is a projective R-module and N
is a strongly W-projective R-module, then

M’ ®, N is strongly W-projective.
Proof: The isomorphism Tor* (M’ ® N,

A)=(M’,A)=0 for all torsion free R-

module A. The converse is true when R is a
local semi Dedekind domain.

In what follows oM : M — E(M’)
denotes the injective envelope of an R-module
M. Recall that an injective envelope
oM : M’ — E(M?) hastheunique mapping
property if for my homomorphism f:
M’ — N with N injective there exists a

unique homomorphismg: E(M *) — N such
that goM = f .

Proposition (1.6): Every Strongly
Wk-injective R-module has an injective envelope
with the unique mapping then R is a priifer
domain.

Proof: Let M be any strongly W-injective
R-module we have the following exact commu-
tative diagram.
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0

!

O—>»M+—>gM!)—>L—>0

6LY

E(L) —=—=E(L)Z—=——==FE(L)

Note: That ol yoM =06m, So oLy =0
by given condition, therefore L = im(y)c ker
oL)=0 and hence M is injective.

The following characterization of
strongly W-projective R-modules. Let A be a
class of R-modules and M is a R-module A

homomorphism & ¢ ¢ HOM ,(N,M ) with
N¢ | is called an | - procover of M 7 if the
induced map.

HOM (1,4) :HOM . (N*,N) - HOM
(N*,M’) is subjective for all N* l. An
I-procover ¢ ¢ HOM (N, M ) is called an
I-cover ifeach y € HOM (N, N) satisfying

¢ = ¢y is an automorphism of N. the class |

is called a precover (cover) class if every R-
module has an I-precover (I-cover)

The I-pre-envelope, |- envelope, pre-
envelope and envelope classes are defined
dually. In particular, if I is the class of strongly
We-injective R-modules an |- envelope is called
a strongly W-injective envelope.

Proposition (1.7) : If M is an R-

module, then the following are equivalent:

(a) M is strongly W-projective

(b) M is projective with respect to every exact
sequence 0 > A— B - C — 0, where
A is strongly W-injective.

(c) For every exact sequence 0 > K »> F
— M’ — 0 whereF is strongly W-injective
K—F is a strongly W-injective pre-envelope
of K.

M is co-kernel of a strongly W-injective

pre-envelope K — F with F projective.

Proof: (@) >(b)Let 0 5 A—>B —>C >0
be an exact sequence where A is strongly

W-injective then Ext, (M ”, A) = 0 by (a).

(d)

Thus HOM (M ?,B) — HOM (M *,

C) — 0 is exact and (b) holds.
—(a) For every strongly W-injective
R-module N, there is a short exact sequence

0> N = E = L — 0o with E injective,
which implies an exact sequence

HOM (M’ ,E) > HOM (M ’,L) -
Ext,'(M’,N) — 0. Since HOM (M,

(b)
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E) > HOM (M ’,L) — 0 is exact by

(b) we have ExtRl(M 7 )N)=0 and (a)
follows (a) = (c) it is easy to verify

(c) >(d)Let0 > K >P—>M’ -0 be
an exact sequence with P-projective. Note
that P is strongly. W-injective by hypothesis
thus K — P is a strongly W-injective pre-
envelope.

(d) =(a) By (d) there is an exact sequence

0>K-—>P—>M’ -0 where K»P
is strongly W-injective pre-envelope with
P projective. It gives to the exactness of
HOM ;(P,N) > HOM;(K,N) —»
ExtRl(M 7 N) — Ofor each strongly
W-injective R-module N. Note that
HOM_ (P,N) > HOM, (K,N) -0

is exact by (d). Hence Ext, (M’,N)=0
as desired.

(1) Strongly W-injective dimension :

Definition (2.0) (a) For any R-module
M, let strongly W-injective wid (M ’) of M,
denote the smallest integer n >0 such that
ExtRl(n, M?’)=0 forevery R-module N of
W-dimension < 1. (If no such n exists set wid
(m) = o0
(b) wid (R) = Sup {wid (M’):M is an R-module}
Lemma (2.1): Let R is a semi-Dedekind
domain for R-module M. If wid (M) < then
ExtRl(N,M 7)y=0 for all R-module N of

W-dimension <1

Proof : Use induction on n clearly if
wid (M) =n 1fwid (M ’) < n—1 resolve
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Nby0 s K 5P —> N —> 0 withKandP
that K hence W-dimension <1 by and
Ext(N,M?) = Ext,'(K,M”)=0 by
induction hypothesis.

Definition (2.2): For an R-module M,
let swpd(M’) denotes the smallest integer

n > osuch that Exty™ (M, N) = Ofor every
W-injective R-module N and call swpd(M’) the
W-projective dimension of M. If no such n exists
swpd(M’)=c0 put rswpD(H)= Sup{rswpd
(M?): M is an right R-module} and call rswp
D(R) the right strongly W-projective dimension
of R, Mis called strongly W-projective if swpd
(M’)=0ie Ext,(M’,N)=0 for every
We-injective R-module N.

Remark (2.3) : For every right R and
every R-module M, the inequalities SWPD(R)
<D(R)andswpd (M ’) < Spd(M ) are valid.
It is easy to see that swpd(M *) = spd (M ?)

for any R-module M iff every W-projective
R-module is projective.

Lemma (2.4) : Let R is a semi Dedekind
domain for R-module M, if Ext2* (M ’,N) =0
for any W-injective R-module N then

Ext2*) (M 7, N) for any W-injective R-module
N for j> 1.

Proof: For any W-injective R-module
N, there is a short exact sequence 0 - N —
E — L — 0 where E is injective. Then the
sequence Ext? ™ (M 7, L) — Ext2*(M 7, N)
— Extp**(M?,E) =0 is exact. Note that L
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is strongly W-injective by Lemma 2.1 So
Extf*(M?,L)=0by given condition.
Hence Exty*(M”,N) = 0.

J
0= Ext'(M’,N) = Exti (N, L) - Exté(NII\I,L]

Note: that the last term is zero by

given condition. Hence Exty (N,R)=0

Proposition (2.5) : Let R be a semi . . . .
Dedekind domain, if SWPD(R) < 1 then the Theorm (2.6): LetR s a semi Dedekind
every sub module of a strongly W-projective domainthensup{Spd (M ~) : M s W-projective

R-module is strongly W-projective. R-module} < Swid (R).

Proof: Let N be a sub-module of a Proof: Let M is a strongly W-projective
strongly W-projective R-module M then forany ~ R-module. It is enough to show that Spd
strongly W-injective R-module L we get an (M) < swiD (R). We may assume that swid

exact sequence. (R) =< oo. M admits a projective resolution

--==->P, > Pna > ---->P; > Py >M‘] > 0

Let N be any R-module we have swid (N) < n Thus by lemma 2.1 there is an exact
sequence.
0---->N > E° >EL--->E"— S E'— >0

Where E° E!, E?....... E" are strongly W-injective. Therefore we form a double complex.

[ [ [
O Holl g (M, EY )~ Hobl (B, E®) — % Holl By, E™) —> ——-
I Y A A
1 | 1
| | |
| | |
1 | 1
| | |
| | |
| |

|
O—=HMp(M', EY) —*HMp(F, E}) —*HoMp (R, Ely—* -

b F 4

O—*HoM g (M', E® ) —*HoMp (B, E®)—* HoMp (B, B )— % ———-
h 4

O ————* HoMg(F, H)--aHoM g Py H)— -
»
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Note that all rows are exact except for
the bottom row, since M is strongly W-projective

andall E' are strongly W-injective also note that
all columns are exact except for all left column
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since all P; are projective.

Using a spectral sequence argument, we know
that the too complexes

0— HOM . (P,,N) = HOM . (P,, N)— — — HOM (P.,N) — and
0—>HOM_ (M’ E°) > HOM (M’ ,E') > ——-—> HOM.(M’,E") >0

have isomorphic homology groups. Thus
Ext:*(M?,N) =0 for all j >1 Hence Spd
(M’)<n Itisknownthat D(R) = sup{Spd

(M’): M is a W-projective R-module} if R is
a priifer domain and it is easy to see that D(R)
= SWPD(R) it R is a semi simple ring.
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