
Strongly W-projective Module & Strongly W-injective

BIRESH KUMAR GUPTA, GOVIND SAHU and M.R. ALONEY

Babulal Tarabai Inst. of Research and Tech. Sagar and TIT, Bhopal (INDIA)

(Acceptance  Date 15th  February,  2012)

Abstract

In this paper the notions of strongly W-projective and strongly
W-injective module dimension over commutative domain R are given. It
is shown that over semi simple rings with W-dimension one, these modules
are equivalent to W-injective modules. The W- projective dimension
measures how for away a dimension is from being a priifer domain.

Ultra Scientist Vol. 24(1)B, 119-124 (2012).

Introduction

In this note, R will denote a commutative
domain with identity and  )( RQ   will denote
its field of quotients. The R-module Q/R will
be denoted by K. Lee2 studied the structure of
week injective modules.

A R-module M is called strongly

injective if 0),(1 J
R MNExt for all R-modules

N of weak dimension  1. In section 2 we
introduce a class of R-modules under the name
of strongly W-projective R-modules, we show
that Strongly W-projective modules  R-modules
are identical to projective R-modules iff R is semi
simple. Recall that R is called priifer domain if
every finitely generated ideal of R is projective.
We show that each strongly W-projective
R-module is FP - projective.

(I) Strongly W-projective :

Definition 1.1: A R-module M is called

strongly W-projective if  0),(1 J
R MNExt

for every weak injective R-module N and J is

index set, where  iji

J MM



Exidently, direct products and summands of
strongly W-projective R-modules are again
strongly W-projective. All projective R-modules
are trivially strongly W-projective but the
converse is not true. For example Q/Z is a
Z-module is strongly W-projective but it is not
projective. Over a semi simple ring R. W-
projective R-modules are projective. It is
obvious that if R is a semi simple ring with W.
D(R) =1, then every R-module M is strongly
W-projective iff  M is strongly W-injective Also,
if R is semi simple and M is a strongly W-projective

R-module, then  0),(1 RMExt J
R  .

A well-known result states that an R-
module F is Flat iff its character module  JF
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is injective.

Lemma (1.2) : If R is a Noetherian
ring and M is strongly W-projective  R-module
then M is FP-projective

Proof: Let M be a strongly W-projective,
we must prove that  ,0),(1 NMExt J

R  for
any FP- injective R-module N.

Since R is a Noetherian ring, N is an
injective R-module, therefore N is strongly
W-injective.

     Lemma (1.3):Let  OCBAO 
is an exact sequence such that A and C are
strongly W-projective R-module then B is
strongly W-projective R-module then B is
strongly W-projective.

Proof: Let N is a strongly W-injective
R-module, from the induced exact sequence
 ),(),(),( 111 NAExtNBExtNCExt RRR  .
We have  0),(1 NBExtR , Since  ),(1 NCExtR

0),(1  NAExtR where JNCM this implies

 ),(),( 11 J
R

J
R MBExtMCExt 

),(1 J
R MAExt  we have  0),(1 J

R MBExt
since  0),(,( 11  J

R
J

R MAExtMCExt

Example (1.4) : Z-module Q is strongly
W-projective Recall that R is called of matlis
domain if the projective dimension of Q (or
equivalently K) is one. The R-module C is
called matlis cotorsion if  0),(1 CQExtR  and

M is called strongly flat it  0),(1 CMExt J
R

for every matlis cotorsion R-module C.

Lemma (1.5) : If R is a matlis domain
and M is a strongly flat R-module, then M is
strongly W-projective.

Proof : If M is strongly flat R-module,

then 0),(1 NMExt J
R  for all matlis cotorsion

R-modules N. It is easy to see that if R is a
matlis domain then every strongly   W-projective
R-module is matlis cotorsion.

Lemma (4) : Let R is a semi Dedekind
domain. If M is a projective R-module and N
is a strongly W-projective R-module, then
 NM R

J   is strongly W-projective.

Proof: The isomorphism  ,(  NMTor JR
n

0),()  AMA J  for all torsion free R-
module A. The converse is true when R is a
local semi Dedekind domain.

        In what follows  )(: JJ MEMM 
denotes the injective envelope of an R-module
M. Recall that an injective envelope
 )(: JJ MEMM   has the unique mapping
property if for my homomorphism f:
 NM J   with N injective there exists a

unique homomorphism g:  NME J )(  such

that  fMg  .

Proposition (1.6): Every Strongly
W-injective R-module has an injective envelope
with the unique mapping then R is a priifer
domain.
        Proof: Let M be any strongly W-injective
R-module we have the following exact commu-
tative diagram.
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     Note: That  mML 06 , So  0L
by given condition, therefore  L = im() ker
L)=0  and hence M is injective.

The following characterization of
strongly W-projective R-modules. Let  be a
class of R-modules and M is a R-module A

homomorphism &  ),( J
R MNHOM  with

 lN  is called an l - procover of M J if the
induced map.
 :),1( NRHOM  ),( 1

RR HOMNNHOM 

),( 1 JMN  is subjective for all  lN 1 . AnAn

l-procover  ),( J
R MNHOM  is called an

l-cover if each   ),( NNHOM R  satisfying

    is an automorphism of N. the class l
is called a precover (cover) class if every R-
module has an l-precover (l-cover)

The l-pre-envelope, l- envelope, pre-
envelope and envelope classes are defined
dually. In particular, if l is the class of strongly
W-injective R-modules an l- envelope is called
a strongly W-injective envelope.

Proposition (1.7) : If M is an R-

 

o M J E M J( )

6LY

E L( )

6L

L

o

o

o

E L( ) E L( )

module, then the following are equivalent:
(a) M is strongly W-projective
(b) M is projective with respect to every exact

sequence  00  CBA , where
A is strongly W-injective.

(c) For every exact sequence  0  FK
0 JM where F is strongly W-injective

KF is a strongly W-injective pre-envelope
of K.

(d) M is co-kernel of a  strongly  W-injective
pre-envelope K  F with F projective.

Proof: (a) (b) Let  00  CBA
be an exact sequence where A is strongly

W-injective then 0),(1 AMExt J
R by (a).

Thus  ,(),(  MHOMBMHOM J
R

J
R

0) C  is exact and (b) holds.
(b) (a) For every strongly W-injective

R-module N, there is a short exact sequence
 00  LEN with E injective,
which implies an exact sequence
 ),(),(  LMHOMEMHOM J

R
J

R

0),(1 NMExt J
R . Since  (MHOM J

R ,



     0),()  LMHOME J
R   is exact by

(b) we have  0),(1 NMExt J
R  and (a)

follows (a)  (c) it is easy to verify

(c) (d) Let  00  JMPK  be
an exact sequence with P-projective. Note
that P is strongly. W-injective by hypothesis
thus K  P is a strongly W-injective pre-
envelope.

(d) (a) By (d) there  is  an exact sequence
 00  JMPK  where KP
is strongly  W-injective pre-envelope with
P projective. It gives to the exactness of

  ),(),(  NKHOMNPHOM RR

0),(1 NMExt J
R for each strongly

W-injective R-module N. Note that
       0),(),(  NKHOMNPHOM RR

is exact by (d). Hence   0),( NMExt J
R

as desired.

(II) Strongly W-injective dimension :

Definition (2.0) (a) For any R-module
M, let strongly W-injective  )( JMwid   of M,
denote the smallest integer  on   such that
 0),(1 J

R MnExt   for every R-module N of
W-dimension  1. (If no such n exists set wid
(m) = 
(b) wid (R) = Sup {wid (MJ):M is an R-module}
          Lemma (2.1): Let R is a semi-Dedekind
domain for R-module M. If wid (MJ)  then
 0),(1 J

R MNExt  for all R-module N of
W-dimension  1

Proof : Use induction on n clearly if
 nMwid J )(  If wid  1)(  nM J  resolve

N by  00  NPK  with K and P
that K  hence W-dimension 1 by and
 0),(),( 11  J

R
Jn

R MKExtMNExt  by
induction hypothesis.

Definition (2.2): For an R-module M,
let swpd(MJ) denotes the smallest integer

 0n such that 0),(1  NMExt Jn
R for every

W-injective R-module N and call swpd(MJ) the
W-projective dimension of M. If no such n exists
swpd(MJ)= put rswpD(H)= Sup{rswpd
(MJ): M is an right R-module} and call rswp
D(R) the right strongly W-projective dimension
of R, M is called strongly W-projective if swpd
 0)( JM  i.e.  0),( NMExt J

R  for every
W-injective R-module N.

Remark (2.3) : For every right R and
every R-module M, the inequalities SWPD(R)
D(R) and swpd )()( JJ MSpdM   are valid.
It is easy to see that swpd( )() JJ MspdM 
for any R-module M iff every W-projective
R-module is projective.

          Lemma (2.4) : Let R is a semi Dedekind

domain for R-module M, if  0),(1  NMExt Jn
R

for any W-injective R-module N then
 ),( NMExt Jjn

R
 for any W-injective R-module

N for j  1.

Proof: For any W-injective R-module
N, there is a short exact sequence  0  N

0 LE  where E is injective. Then the
sequence  ),(),( 21   NMExtLMExt Jn

R
Jn

R

0),(2   EMExt Jn
R  is exact. Note that L
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is strongly W-injective by Lemma 2.1 So
 0),(1  LMExt Jn

R by given condition.

Hence .0),(2  NMExt Jn
R

Proposition (2.5) : Let R be a semi
Dedekind domain, if  SWPD(R)  1 then the
every sub module of a strongly W-projective
R-module is strongly W-projective.

Proof: Let N be a sub-module of a
strongly W-projective R-module M then for any
strongly W-injective R-module L we get an
exact sequence.

 

 








 L

N
MExtLNExtNMExt

J

RR
J

R ,),(),(0 211

Note: that the last term is zero by
given condition. Hence  0),(1 RNExtR

          Theorm (2.6): Let R is a semi Dedekind
domain then sup{ )( JMSpd  : M is W-projective
R-module}  Swid (R).

           Proof: Let M is a strongly W-projective
R-module. It is enough to show that Spd
 )()( RswiDM J  . We may assume that swid
(R)  . M admits a projective resolution

 Pn  Pn-1  P1  P0  MJ 0

Let N be any R-module we have swid (N)  n Thus by lemma 2.1 there is an exact
sequence.

 

Where  nEEEE .......,, 210  are strongly W-injective. Therefore we form a double complex.

O N E0 E1 En-1 En 0
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Note that all rows are exact except for
the bottom row, since M is strongly W-projective
and all Ei are strongly W-injective also note that
all columns are exact except for all left column

since all Pi  are projective.

Using a spectral sequence argument, we know
that the too complexes

  ),(__),(),(0 1 NPHOMNPHOMNPHOM nRRoR  and

 0),(___),(),(0 0  nJ
R

lJ
R

J
R EMHOMEMHOMEMHOM

have isomorphic homology groups. Thus
 0),(  NMExt Jjn

R  for all j 1 Hence Spd

 nM J )(  It is known that  SpdRD sup{)( 

MM J :)( is a W-projective R-module} if R is
a priifer domain and it is easy to see that D(R)
= SWPD(R) it R is a semi simple ring.
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