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Abstract

Polytropes has been analytical studied under the concept of a
sphere of uniform density by the polytrophic indices n tending to zero
and n tending one. In this paper we have demonstrated that the
temperature of the stars keeps on decreasing from its centre to surface.
Approximate analytic solutions to the equilibrium equations have been
presented in phase planes such as (U,V), Transformations connect-
ing solutions in this phase plane have been obtained and discussed.
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Introduction

The structure of a self-gravitating
equilibrium polytropic sphere is described by
Lane-Emden equation which have been used
to model several phenomena in mathematical
physics, thermodynamics, astrophysics such as
the theory of stellar structure and thermal
behavior of a spherical cloud of gas, for  the
value of polytropic  index n between 0 and 3,
the equation approximates to a reasonable
accuracy the structure of a variety of the realistic
stellar models. Though modern texts no longer
give them through treatment that classical
works of Emden and Chandrasekhar do, Closed
form analytical solution, has been studied by
Fowler1,  Hopf 2 and Chandrasekhar for n<3,
n=3, and n>3, respectively. It is well known so

far from some of these studies that the polytropic
index n=0 and 1 represent, the liquid and gaseous
states of  a  polytrope  of  uniform density
respectively. The origin and the behavior of
Lane-Emden equations were reported same
whatever be the index of a polytrope3-14. The
Miline3  was able to determine the maximum
limiting density15, whereas the structure of
planet was also reported16,17  for the same
values of n, and the maximum value of mass
of a star18 for n0 and n general relativity
neutron star19 were also reported for the same
values of n, and very massive stellar models in
Ni’s theory of gravity20, relativistic stellar
structures and X-ray transients in Ni’s theory
of gravity21, Further thermo dynamical equili-
brium of stars clusters embedded in an isothermal
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configuration22.

Considering the stars, which are in
equilibrium and in a steady state can be
characterized by three physical parameters i.e.
its mass M; its radius R; and its luminosity
L(L refers to the amount of radiant energy in
ergs, radiated by the star per second to the
space outside,) analytic  series solutions to the
equilibrium equations have been presented in
phase planes such as (Uρ,Vρ), Transfor-
mations connecting solutions in this phase plane
have been obtained, Since the nucleus includes
the immediate neighborhood of the origin (n=0),
it will be of the interest to investigate it, in the
light of this new concept of temperature of
polytropes.

Structure Equation in (V, V) phase plane:

Lane-Emden equation is written in the
form of the generalized equation in (, )
phase plane is given by
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for non-rotating  polytropes  = 0 and polytropic
index n=1,
Equation (1) becomes :
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We define U and V for non-rotating case
and taking polytropic index n=1, as
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The First order equation between U, & V

can be obtained as follows,
From equation 3 (a)
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Also from equation (2), we can write.
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Using (4) & (5) We have,
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Now again we have from 3(b).
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Using Equation (6) & (7) and by similar process
as above we get
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From equations (6) and (8) we get,
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Which is the required structure equation in (V,
U) phase plane.
We solve the structure equation by assuming
series solution for three cases, as follows,

 3
3

2
21)1(   VaVaVaNU

.....4
4  Va  (10)

We find that it satisfies the initial condition

  oasoVNU   &1
Differentiating equation (10) we get ;

..........3
442

33221  


 VaVaVaa
dV
dU

 (11)

putting the value of U   from (10) &  



dV
dU

from (11) in equation (9). we get,

  








 NVaVaVaVa 1......3
442

332
221 

      NVVVVV  1.................4
4

4
3

3
21  












  ............4

4
3

3
2

21)1(  VaVaVaVaN






















  )1(......4
4

3
3

2
22

1
11( NVaVaVaVaN 

   31221
2

2111 6)1(24)1(2    aaaaVaaaV

      2
2)1()11(1)11)(1(  VaNaaVaN  



  
  2)11(2213(1 VaaaaN

3)11(2213)(1(  VN






 

















  ..........4)11(3

2
2314)1(  VN                      (12)

Now we discuss about equation (12) in different cases :

Case I :- For Spheroidal shape : (N=2).
from equation (12),
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Equating the co-efficient of V, we get
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for N = 2,  series  solution  becomes,  from
equation (10)
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 (13)
Case II  For Cylindrical shape i.e. N=1.
From equation (12), we get

542 Sudhanshu  Pandey, et al.



  2
24)11(112 VaaaVa 

  



  36)11(2221 aaaaa

.....2
22)11(334831

3 4 






 VaaaaaaV

 


  2
22)11(1)11(2  VaaaVa



  2

22122 aaa

       2
231423)11(3  aaaaVaa


 

............)11(3
4
Vaa




Equating the co-efficient of powers of V

 )11(212 aa
2
1

1 a

22)11(124)11(1 aaaaaa 

12
1

2 a

)11(2213236)11(2221  aaaaaaaaaa

)11(2322238  aaaaa

192
1

3 a

422
22)11(334831  aaaaaaa

)11(3
2
231  aaaaa

1920
3

4 a

For N=1, series solution becomes, from
equation (10).
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Case III : For plane-symmetric shape i.e. N=O
from equation (12), we get,
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For N=0, series solution becomes, from
equation (10).
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Results and Discussion

Graphical  representation  of (Uρ,Vρ),
phase plane  for  N =2  & n=1    (Fig. 1) ,    for
N =1  & n=1 (Fig. 2) and N=0 & n=1  (Fig. 3),
where Uρ show temperature and Vρ show radius
of  polytropes. The graphs plotted by our series
solution method are in good agreement by the
graph with the stellar model3. It is evident from
the figure that the as temperature of the polytropes
increases, its radius decreases in all the three
cases implying that the temperature of the stars
keeps on increasing  as we move  from surface
to centre.  The graph for N=0 , N=1, and N=2
between Up Vp has been plotted and found
to be  in good agreement with the results graph
of N=0 (plane Symmetric) N=1 (Cylindrical)
N=2 (spheroidal) the shape stellar structure
of given value.

Conclusions

             An unified analytic study structure
of the nucleons of  Polytropes N=0 (Plane
Symmetric) N=1 (Cylindrical) N=2 (spheroidal)
has been investigated following the concept
of sphere of uniform density defined by
polytropic index (n) tending to zero. The graphs

Fig. 3. Graphical representation of (Uρ,Vρ)
phase plane for N =0 & n=1 where Vρ

show radius, Uρ show Temperature

Fig. 1. Graphical representation of  (Uρ,Vρ)
phase plane for N = 2  & n = 1 where Vρ

show radius, Uρ show Temperature

Fig. 2. Graphical representation of (Uρ,Vρ)
phase plane for N =1 & n=1 where Vρ

show  radius, Uρ show Temperature
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plotted by our series solution method are in
good agreement by the graph with the stellar
model3. The temperature of the stars keeps
on decreasing  as  we move from  centre to
surface. Our given analysis can be applied to
the interdisciplinary modeling, environmental
and biological systems which may quite often
involve complicated forms of linear or non-
linear differential equation.
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